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Introduction

What Is the Statistics Toolbox? (p. 1-2)
Primary Topic Areas (p. 1-3)
Random Number Generators in the

Statistics Toolbox (p. 1-5)
Mathematical Notation (p. 1-6)

Lists statistical tasks supported by the toolbox, and
explains the role of functions and graphical tools.

Lists the statistical topics addressed in the toolbox and
covered in this book.

Tells you how to duplicate the results shown in examples
that generate data using random numbers.

Describes mathematical notation used in this guide.



1 Introduction

What Is the Statistics Toolbox?

1-2

The Statistics Toolbox, for use with MATLAB®, is a collection of statistical tools
built on the MATLAB numeric computing environment. The toolbox supports
a wide range of common statistical tasks, from random number generation, to
curve fitting, to design of experiments and statistical process control. The
toolbox provides two categories of tools:

® Building-block probability and statistics functions

¢ Graphical, interactive tools

The first category of tools is made up of functions that you can call from the
command line or from your own applications. Many of these functions are
MATLAB M-files, series of MATLAB statements that implement specialized
statistics algorithms. You can view the MATLAB code for these functions using
the statement

type function_name

You can change the way any toolbox function works by copying and renaming
the M-file, then modifying your copy. You can also extend the toolbox by adding
your own M-files.

Secondly, the toolbox provides a number of interactive tools that let you access
many of the functions through a graphical user interface (GUI). Together, the
GUI-based tools provide an environment for polynomial fitting and prediction,
as well as probability function exploration.



Primary Topic Areas

Primary Topic Areas

The Statistics Toolbox has more than 200 M-files, supporting work in these
topical areas:

Probability Distributions

The Statistics Toolbox supports 20 probability distributions. For each
distribution there are five associated functions. They are

¢ Probability density function (pdf)

® Cumulative distribution function (cdf)

¢ Inverse of the cumulative distribution function
¢ Random number generator

® Mean and variance as a function of the parameters

For most distributions, the Statistics Toolbox also provides functions for
computing parameter estimates and confidence intervals.

Descriptive Statistics

The Statistics Toolbox provides functions for describing the features of a data
sample. These descriptive statistics include measures of location and spread,
percentile estimates and functions for dealing with data having missing
values.

Linear Models

In the area of linear models, the Statistics Toolbox supports one-way, two-way,
and higher-way analysis of variance (ANOVA), analysis of covariance
(ANOCOVA), multiple linear regression, stepwise regression, response surface
prediction, ridge regression, and one-way multivariate analysis of variance
(MANOVA). It supports nonparametric versions of one- and two-way ANOVA.
It also supports multiple comparisons of the estimates produced by ANOVA
and ANOCOVA functions.

Nonlinear Models

For nonlinear models, the Statistics Toolbox provides functions for parameter
estimation, interactive prediction and visualization of multidimensional
nonlinear fits, and confidence intervals for parameters and predicted values. It
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provides functions for using classification and regression trees to approximate
regression relationships.

Hypothesis Tests

The Statistics Toolbox also provides functions that do the most common tests
of hypothesis — t-tests, Z-tests, nonparametric tests, and distribution tests.

Multivariate Statistics

The Statistics Toolbox supports methods in multivariate statistics, including
principal components analysis, factor analysis, one-way multivariate analysis
of variance, cluster analysis, and classical multidimensional scaling.

Statistical Plots

The Statistics Toolbox adds box plots, normal probability plots, Weibull
probability plots, control charts, and quantile-quantile plots to the arsenal of
graphs in MATLAB. There is also extended support for polynomial curve fitting
and prediction. There are functions to create scatter plots or matrices of scatter
plots for grouped data, and to identify points interactively on such plots. There
is a function to interactively explore a fitted regression model.

Statistical Process Control (SPC)

For SPC, the Statistics Toolbox provides functions for plotting common control
charts and performing process capability studies.

Design of Experiments (DOE)

The Statistics Toolbox supports full and fractional factorial designs, response
surface designs, and D-optimal designs. There are functions for generating
designs, augmenting designs, and optimally assigning units with fixed
covariates.

Hidden Markov Models

The Statistics Toolbox provides functions for analyzing hidden Markov models
— models in which you do not know all the state information. These include
functions for generating random data, calculating the most probable state
sequence for an observed sequence, estimating model parameters, calculating
posterior state probabilities, and calculating maximum likelihood estimates for
parameters.



Random Number Generators in the Statistics Toolbox

Random Number Generators in the Statistics Toolbox

The Statistics Toolbox contains a number of functions, such as random number
generators, that return random output. These functions use the MATLAB
functions rand and randn to generate their output. If you want to make the
output for any of these functions reproducible, you must set the states for rand
and randn each time you call the function. See “Reproducing the Output of
Random Number Functions” on page 2-46 for more information.

Note Prior to Version 5, MATLAB employed a different random number
generator, which used the syntax 'seed' instead of 'state'. Although use of
the 'seed' syntax is backward compatible in MATLAB Version 7, you should
use the 'state' syntax instead.

1-5



1 Introduction

Mathematical Notation

This manual and the Statistics Toolbox functions use the following
mathematical notation conventions.

B
E(x)
flx|a,b)

F(x|a,b)

I([a, b]) or
I[a, bl

p and g

Parameters in a linear model.
Expected value of x. E(x) = Itf(t)dt

Probability density function. x is the independent variable;
a and b are fixed parameters.

Cumulative distribution function.

Indicator function. In this example the function takes the
value 1 on the closed interval from a to b and is 0
elsewhere.

p is the probability of some event.
q is the probability of ~p, so ¢ = 1-p.




Probability Distributions

Introduction (p. 2-2)

Displaying Probability Distributions
and Random Samples (p. 2-3)

Overview of the Functions (p. 2-6)

Distribution Fitting Tool (p. 2-13)

Overview of the Distributions (p. 2-45)

Probability Distributions Demo (p. 2-3)

Random Sample Generation Demo
(p. 2-4)

Introduces the concept of a probability distribution and
discusses the difference between continuous and discrete
distributions.

Describes tools for displaying probability distributions
and creating histograms of random samples.

Discusses the five functions that the Statistics Toolbox
provides for each distribution: probability density
function (pdf), cumulative distribution function (cdf),
inverse cumulative distribution function, random number
generator, and mean and variance as a function of the
distribution parameters.

Describes the Distribution Fitting Tool, a GUI for fitting
distributions to data.

Lists and discusses the probability distributions that the
Statistics Toolbox supports.

Describes the disttool demo, which creates interactive
plots of probability distributions.

Describes the randtool demo, which generates random
samples from specified probability distributions and
displays the samples as histograms.
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Introduction

Probability distributions arise from experiments where the outcome is subject
to chance. The nature of the experiment dictates which probability
distributions may be appropriate for modeling the resulting random outcomes.
There are two types of probability distributions — continuous and discrete.

Continuous (data) Continuous (statistics) Discrete
Beta Chi-square Binomial
Exponential Noncentral Chi-square Discrete Uniform

Extreme Value

Gamma F Geometric
Lognormal Noncentral F Hypergeometric
Normal t Negative Binomial
Rayleigh Noncentral t Poisson

Uniform

Weibull

Suppose you are studying a machine that produces videotape. One measure of
the quality of the tape is the number of visual defects per hundred feet of tape.
The result of this experiment is an integer, since you cannot observe 1.5
defects. To model this experiment you should use a discrete probability
distribution.

A measure affecting the cost and quality of videotape is its thickness. Thick
tape is more expensive to produce, while variation in the thickness of the tape
on the reel increases the likelihood of breakage. Suppose you measure the
thickness of the tape every 1000 feet. The resulting numbers can take a
continuum of possible values, which suggests using a continuous probability
distribution to model the results.

Using a probability model does not allow you to predict the result of any
individual experiment but you can determine the probability that a given
outcome will fall inside a specific range of values.



Displaying Probability Distributions and Random Samples

Displaying Probability Distributions and Random Samples

The Statistics Toolbox provides two demos for visualizing probability
distributions and graphing random data:

® The probability distribution demo enables you to create interactive plots of
probability distributions.

¢ The random sample generation demo enables you to generate random
samples from specified distributions and create histograms of the data.

Probability Distributions Demo

The probability distributions demo creates interactive plots of probability
distributions. It provides a graphic environment for developing an intuitive
understanding of probability distributions.

You can run this tool by typing disttool at the command line. You can also run
it from the Demos tab in the Help browser.

iaid
File Edit Yiew Insert Tools Window Help F
PT— unction type
DIS"IbUIIOﬂ T T——————— Jistribution lm Function lm 1. "
type: |IS?
1t
odf or pdf
0.8r function
F . I Frabability:
unction value =55 ol Draggable
- horizontal
04t reference line
0.2 Draggable
vertical
e reference line
x value
Upper - Upper - L pper =
Upperand ——— Jreei boid | 2 b )
lower ' W IT Sigma lf l—
parameter Lawer Lower LLaver l—
bounds bound/ 7 < bound [ 05 - bound =

Parameter value  Parameter control
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2 Probability Distributions

Start by selecting a distribution. Then choose the function type: probability
density function (pdf) or cumulative distribution function (cdf).

Once the plot displays, you can

e Calculate a new function value by typing a new x value in the text box on the
x-axis, dragging the vertical reference line, or clicking in the figure where
you want the line to be. The new function value displays in the text box to
the left of the plot.

¢ For cdf plots, find critical values corresponding to a specific probability by
typing the desired probability in the text box on the y-axis or by dragging the
horizontal reference line.

e Use the controls at the bottom of the window to set parameter values for the
distribution and to change their upper and lower bounds.

Random Sample Generation Demo

The random sample generation demo is a graphical environment that
generates random samples from specified probability distributions and
displays the samples as histograms. You can use randtool to explore the
effects of changing parameters and sample size on the samples.

You can run this tool by typing randtool at the command line. You can also run
it from the Demos tab in the Help browser.

2-4



Displaying Probability Distributions and Random Samples

Distributions
pop-up

Upper and
lower
parameter
bounds

-} Figure No. 1

File Edit Yiew Insert Tools Window Help

25
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=10l x|

— Sample
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bound | 2|2
I 0

-2 -

Iu

Lawer
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<

Values
Upper = pper, N
bound I 2 Bound I
Sigma I 1 I
Lawer LLower
bound I 0.3 - Bound I =

Histogram

Parameter value

Draw again
from the
same
distribution

Parameter control

Export to
workspace

Start by selecting a distribution. Then enter the desired sample size.

You can also

¢ Use the controls at the bottom of the window to set parameter values for the
distribution and to change their upper and lower bounds.
® Draw another sample from the same distribution, with the same size and
parameters.
¢ Export the current sample to your workspace. A dialog box enables you to

provide a name for the sample.
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Overview of the Functions

The Statistics Toolbox provides five functions for each distribution. They are
discussed in the following sections:

¢ “Probability Density Function (pdf)” on page 2-6

® “Cumulative Distribution Function (cdf)” on page 2-7

¢ “Inverse Cumulative Distribution Function” on page 2-7

¢ “Random Number Generator” on page 2-9

® “Mean and Variance as a Function of Parameters” on page 2-11

Probability Density Function (pdf)

The probability density function (pdf) has a different meaning depending on
whether the distribution is discrete or continuous.

For discrete distributions, the pdf is the probability of observing a particular
outcome. In the videotape example, the probability that there is exactly one
defect in a given hundred feet of tape is the value of the pdf at 1.

Unlike discrete distributions, the pdf of a continuous distribution at a value is
not the probability of observing that value. For continuous distributions the
probability of observing any particular value is zero. To get probabilities you
must integrate the pdf over an interval of interest. For example the probability
of the thickness of a videotape being between one and two millimeters is the
integral of the appropriate pdf from one to two.

A pdf has two theoretical properties:

® The pdfis zero or positive for every possible outcome.
® The integral of a pdf over its entire range of values is one.

A pdfis not a single function. Rather a pdfis a family of functions characterized
by one or more parameters. Once you choose (or estimate) the parameters of a
pdf, you have uniquely specified the function.

The pdf function call has the same general format for every distribution in the
Statistics Toolbox. The following commands illustrate how to call the pdf for
the normal distribution.

X = [-3:0.1:3];
f = normpdf(x,0,1);



Overview of the Functions

The variable f contains the density of the normal pdf with parameters u=0 and
o=1 at the values in x. The first input argument of every pdf'is the set of values
for which you want to evaluate the density. Other arguments contain as many
parameters as are necessary to define the distribution uniquely. The normal
distribution requires two parameters; a location parameter (the mean, pu) and
a scale parameter (the standard deviation, o).

Cumulative Distribution Function (cdf)

If fis a probability density function for random variable X, the associated
cumulative distribution function (cdf) F is

F(x) = P(X<x) = r f(t)dt

The cdf of a value x, F(x), is the probability of observing any outcome less than
or equal to x.

A cdf has two theoretical properties:

® The cdf ranges from 0 to 1.
¢ Ify > x, then the cdf of y is greater than or equal to the cdf of x.
The cdf function call has the same general format for every distribution in the

Statistics Toolbox. The following commands illustrate how to call the cdf for the
normal distribution.

X
p

[-8:0.1:3];
normcdf(x,0,1);

The variable p contains the probabilities associated with the normal cdf with
parameters p=0 and c=1 at the values in x. The first input argument of every
cdf is the set of values for which you want to evaluate the probability. Other
arguments contain as many parameters as are necessary to define the
distribution uniquely.

Inverse Cumulative Distribution Function

The inverse cumulative distribution function returns critical values for
hypothesis testing given significance probabilities. To understand the

2-7



2 Probability Distributions

relationship between a continuous cdf and its inverse function, try the
following.

X = [-3:0.1:3];

xnew = norminv(normcdf(x,0,1),0,1);

How does xnew compare with x? Conversely, try this.

p =1[0.1:0.1:0.9];
pnew = normcdf (norminv(p,0,1),0,1);

How does pnew compare with p?

Calculating the cdf of values in the domain of a continuous distribution returns
probabilities between zero and one. Applying the inverse cdf to these
probabilities yields the original values.

For discrete distributions, the relationship between a cdf and its inverse
function is more complicated. It is likely that there is no x value such that the
cdf of x yields p. In these cases the inverse function returns the first value x
such that the cdf of x equals or exceeds p. Try this.

[0:10];
binoinv(binocdf(x,10,0.5),10,0.5);

X
y

How does x compare with y?

The commands below illustrate the problem with reconstructing the
probability p from the value x for discrete distributions.

p =[0.1:0.2:0.9];
pnew = binocdf(binoinv(p,10,0.5),10,0.5)

pnew =
0.1719 0.3770 0.6230 0.8281 0.9453

The inverse function is useful in hypothesis testing and production of
confidence intervals. Here is the way to get a 99% confidence interval for a
normally distributed sample.

[0.005 0.995];
norminv(p,0,1)

p
X

2-8
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This returns
X =
-2.5758 2.5758

The variable x contains the values associated with the normal inverse function
with parameters p=0 and o=1 at the probabilities in p. The difference
p(2)-p(1) is 0.99. Thus, the values in x define an interval that contains 99%
of the standard normal probability.

The inverse function call has the same general format for every distribution in
the Statistics Toolbox. The first input argument of every inverse function is the
set of probabilities for which you want to evaluate the critical values. Other
arguments contain as many parameters as are necessary to define the
distribution uniquely.

Random Number Generator

The methods for generating random numbers from any distribution all start
with uniform random numbers. Once you have a uniform random number
generator, you can produce random numbers from other distributions either
directly or by using inversion or rejection methods, described below. See
“Syntax for Random Number Functions” on page 2-10 for details on using
generator functions.

Direct
Direct methods flow from the definition of the distribution.

As an example, consider generating binomial random numbers. You can think
of binomial random numbers as the number of heads in n tosses of a coin with
probability p of a heads on any toss. If you generate n uniform random numbers
and count the number that are less than p, the result is binomial with
parameters n and p.

Inversion

The inversion method works due to a fundamental theorem that relates the
uniform distribution to other continuous distributions.

If F is a continuous distribution with inverse F' '1, and U is a uniform random
number, then F "}(U) has distribution F.
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So, you can generate a random number from a distribution by applying the
inverse function for that distribution to a uniform random number.
Unfortunately, this approach is usually not the most efficient.

Rejection
The functional form of some distributions makes it difficult or time consuming

to generate random numbers using direct or inversion methods. Rejection
methods can sometimes provide an elegant solution in these cases.

Suppose you want to generate random numbers from a distribution with pdf f.
To use rejection methods you must first find another density, g, and a
constant, ¢, so that the inequality below holds

flx) <cg(x)
for all x .

You then generate the random numbers you want using the following steps:

1 Generate a random number x from distribution G with density g.

cg(x)
flx) -

3 Generate a uniform random number u.

2 Form the ratio r =

4 If the product of u and r is less than one, return x.

5 Otherwise repeat steps one to three.

For efficiency you need a cheap method for generating random numbers
from G, and the scalar ¢ should be small. The expected number of iterations
isc.

Syntax for Random Number Functions

You can generate random numbers from each distribution. This function
provides a single random number or a matrix of random numbers, depending
on the arguments you specify in the function call.

For example, here is the way to generate random numbers from the beta
distribution. Four statements obtain random numbers: the first returns a
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single number, the second returns a 2-by-2 matrix of random numbers, and the
third and fourth return 2-by-3 matrices of random numbers.

.1 .55 1 2];
.25 .75; 5 101];

O O T o
1]
—_——— ) —

nrow = 2;
ncol = 3;

ri
ri

betarnd(a,b)

0.4469

r2 = betarnd(c,d)
r2 =

0.8931 0.4832
0.1316 0.2403

r3

betarnd(a,b,m)

0.4196 0.6078 0.1392
0.0410 0.0723 0.0782

r4

betarnd(a,b,nrow,ncol)

0.0520 0.3975 0.1284
0.3891 0.1848 0.5186

Mean and Variance as a Function of Parameters

The mean and variance of a probability distribution are generally simple
functions of the parameters of the distribution. The Statistics Toolbox
functions ending in "stat" all produce the mean and variance of the desired
distribution for the given parameters.
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The example below shows a contour plot of the mean of the Weibull distribution
as a function of the parameters.

X = (0.5:0.1:5);

y = (1:0.04:2);

[X,Y] = meshgrid(x,y);

Z = wblstat(X,Y);

[c,h] = contour(x,y,Z,[0.4 0.6 1.0 1.8]);
clabel(c);

18}

16

14}

1.2}
1.8
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Distribution Fitting Tool

The Distribution Fitting Tool is a graphical user interface (GUI) for fitting
univariate distributions to data. This section describes how to use the
Distribution Fitting Tool and covers the following topics:

¢ “Main Window of the Distribution Fitting Tool” on page 2-13

¢ “Example: Fitting a Distribution” on page 2-16

® “Creating and Managing Data Sets” on page 2-20

¢ “Creating a New Fit” on page 2-24

* “Displaying Results” on page 2-28

¢ “Managing Fits” on page 2-30

¢ “Evaluating Fits” on page 2-31

¢ “Excluding Data” on page 2-34

¢ “Saving and Loading Sessions” on page 2-39

® “Generating an M-File to Plot Fitted Distributions” on page 2-39

¢ “Using Custom Distributions” on page 2-41

¢ “Additional Distributions Available in the Distribution Fitting Tool” on
page 2-42

Main Window of the Distribution Fitting Tool

To open the Distribution Fitting Tool, enter the command

dfittool

2-13



2 Probability Distributions

The following figure shows the main window of the Distribution Fitting Tool.

<) Distribution Fitting Tool 10l =|
File Wiew Tools Desktop Window Help
Select type of display _ & | B & &7 1EEE | Select fype of distribution for
Display type: IDens'rty (FOF) | INormaI =l pmbUb'I"y pIoI
Task buttons —— Data... | Mewy Fit... | Manage Fits... | Evaluste... | Exclude... | ——— Exclude items from a fit
Import data from the ! \\ Evaluate o distribution at
workspace 09r ] selected points
] 08t I
Create a new fit .l | ™~ Manage multiple fits
06F B
E 05r Select "Data” to begin distribution fitting B Dlspluy pane
e 0.4r 4
03r B
02r B
0.1 F B
D 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Data
Display Type

The Display Type field specifies the type of plot displayed in the main window.
Each type corresponds to a probability function, for example, a probability
density function. The following display types are available:

® Density (PDF) — Displays a probability density function (PDF) plot for the
fitted distribution.

® Cumulative probability (CDF) — Displays a cumulative probability plot of
the data.

® Quantile (inverse CDF) — Displays a quantile (inverse CDF) plot.
® Probability plot — Displays a probability plot.

® Survivor function — Displays a survivor function plot of the data.
® Cumulative hazard — Displays a cumulative hazard plot of the data.
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“Display Type” on page 2-28 provides more information about the available
display types.

Task Buttons

The task buttons enable you to perform the tasks necessary to fit distributions
to data. Each button opens a new window in which you perform the task. The
buttons include

® Data — Import and manage data sets. See “Creating and Managing Data
Sets” on page 2-20.

® New Fit — Create new fits. See “Creating a New Fit” on page 2-24.

® Manage Fits — Manage existing fits. See “Managing Fits” on page 2-30.

¢ Evaluate — Evaluate fits at any points you choose. See “Evaluating Fits” on
page 2-31.

® Exclude — Create rules specifying which values to exclude when fitting a
distribution. See “Excluding Data” on page 2-34.

Display Pane

The display pane displays plots of the data sets and fits you create. Whenever
you make changes in one of the task windows, the results are updated in the
display pane.

Menu Options
The Distribution Fitting Tool menus contain items that enable you to do the
following:

® Save and load sessions — see “Saving and Loading Sessions” on page 2-39.

® Generate an M-file with which you can fit distributions to data and plot the
results independently of the Distribution Fitting Tool. See “Generating an
M-File to Plot Fitted Distributions” on page 2-39.

® Define and import custom distributions — see “Using Custom Distributions”
on page 2-41.

2-15



2 Probability Distributions

2-16

Example: Fitting a Distribution

This section presents an example that illustrates how to use the Distribution
Fitting Tool. The example involves the following steps:

¢ “Create Random Data for the Example” on page 2-16

® “Import Data into the Distribution Fitting Tool” on page 2-16

® “Create a New Fit” on page 2-18

Create Random Data for the Example

To try the example, first generate some random data to which you will fit a
distribution. The following command generates a vector data, of length 100,
whose entries are random numbers from a normal distribution with mean.36
and standard deviation 1.4.

data = normrnd(.36, 1.4, 100, 1);

Import Data into the Distribution Fitting Tool

To import the vector data into the Distribution Fitting Tool, click the Data
button in main window. This opens the window shown in the following figure.

i =10l x|
Data previe:
Selecl dutu Impart workspace vectors: Gelect data
Drata: [hone) hd Select Calumm ar Raw .. |
Censaring: [hone) hd Select Calumm ar Raw .. |
Frequency: [hone) hd Select Calumm ar Raw .. |
Type name for data set PE—— |
Manage data sets:
Flot Eounds Data zet
ey Set Bin Rules Rename | Delete |

Close | Help |
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The Data field displays all numeric arrays in the MATLAB workspace. Select
data from the drop-down list, as shown in the following figure.

Data:

tnone) =~

(hone)
Censaring:

This displays a histogram of the data in the Data preview pane.

In the Data set name field, type a name for the data set, such as My data, and
click Create Data Set to create the data set. The main window of the
Distribution Fitting Tool now displays a larger version of the histogram in the
Data preview pane, as shown in the following figure.

<) Distribution Fitting Tool (=] 9]
File Wiew Tools Desktop Window Help
5 @ a F
Dizplay Type: IDens'rty (PDF1 d Distribution: INormaI d |
..... D atal ey Fit... | Manage Fits... | Evaluste... | Exclude... |
0.3r 1
0251 1
02r 1
b=
o
0.15 1
0.1 F 1
0.0sF 1
0
-3 -2 1 0 3 4
Data

Histogram of the Data
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Note Because the example uses random data, you might see a slightly
different histogram if you try this example for yourself.

Create a New Fit

To fit a distribution to the data, click New Fit in the main window of the
Distribution Fitting Tool. This opens the window shown in the following figure.

[ newre RI=TE
Fit harne: fit 1 |_Select data
Data: | My data =
Distribution: | Normal =
Exclusion rule: I(none) LI B Spe“fy dlSIrIbUﬂOﬂ type
r~Mormal
Distribution parameters:
mu (location)

sigma (scale)

Apply |

Results:

Manage Fits | Close | Help |

To fit a normal distribution, the default entry of the Distribution field, to My
data,

¢ Enter a name for the fit, such as My fit, in the Fit name field.
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® Select My data from the drop-down list in the Data field.
¢ Click Apply.

The Results pane displays the mean and standard deviation of the normal
distribution that best fits My data, as shown in the following figure.

Results:

Distribution: Normal o
Log likelihood: -160,943

SUpporL: -Inf < ¥ < Inf

Parameter Estimate Std. Err.
i 0.427101 0.1215%

sima 1.215% 0.03662Z96
=
1| | 3

The main window of the Distribution Fitting Tool displays a plot of the normal
distribution with this mean and standard deviation, as shown in the following
figure.

<) Distribution Fitting Tool | =[Ol x|
File ‘iew Tools Desktop Window Help
& | & Q=
|nisp|ayType: IDensny[PDF] d Distribution: |Mormal
Diata... | Mewy Fit.. | Manage Fis... | Ewaluate.. | Exclude... |
03F

/\ -: Myldata ]
025+ / -

0.2+ / 4
S 05| / .
0.1+ \ 4
0.0s+ / 4

Plot of the Distribution and Data
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Creating and Managing Data Sets

This section describes how create and manage data sets. To begin, click the
Data button in the main window of the Distribution Fitting Tool to open the
Data window shown in the following figure.

Jowa -0l

Data preview:

Impart workspace vectors: Select data

Select Column ar Raw .. |

Drata: [hone) ~
Censating: [hone) hd Select Column ar Raw .. |
Freguency: | (none) hd Select Column ar Raw .. |

Data set name: I
Create Data Set |

Manage data sets:

Flot Eounds Data zet

g Set Bin Rules Rename | Delete |

Close | Help |

Importing Data

The Import workspace vectors pane enables you to create a data set by
importing a vector from the MATLAB workspace. The following sections
describe the fields of the Import workspace vectors pane.

Data. The drop-down list in the Data field contains the names of all matrices
and vectors, other than 1-by-1 matrices (scalars) in the MATLAB workspace.
Select the array containing the data you want to fit. The actual data you import
must be a vector. If you select a matrix in the Data field, the first column of the
matrix is imported by default. To select a different column or row of the matrix,
click Select Column or Row. This displays the matrix in the Array Editor,
where you can select a row or column by highlighting it with the mouse.

Alternatively, you can enter any valid MATLAB expression in the Data field.
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When you select a vector in the Data field, a histogram of the data is displayed
in the Data preview pane.

Censoring. If some of the points in the data set are censored, enter a Boolean
vector, of the same size as the data vector, specifying the censored entries of the
data. A 1 in the censoring vector specifies that the corresponding entry of the
data vector is censored, while a 0 specifies that the entry is not censored. If you
enter a matrix, you can select a column or row by clicking Select Column or
Row. If you do not want to censor any data, leave the Censoring field blank.

Frequency. Enter a vector of positive integers of the same size as the data vector
to specify the frequency of the corresponding entries of the data vector. For
example, a value of 7 in the 15th entry of frequency vector specifies that there
are 7 data points corresponding to the value in the 15th entry of the data
vector. If all entries of the data vector have frequency 1, leave the Frequency
field blank.

Data name. Enter a name for the data set you import from the workspace, such
as My_data.

As an example, if you create the vector data described in “Example: Fitting a
Distribution” on page 2-16, and select it in the Data field, the upper half of the
Data window appears as in the following figure.

Data preview:

Impart workspace vectors:

Data: data hd Select Calumm ar Faw .. |
Censating: [hone) hd Select Calumm ar Faw .. |
Freguency: | (none) hd Select Calumm ar Faw .. |

Data et narme: IMy data

Create Data Set |

After you have entered the information in the preceding fields, click Create
Data Set to create the data set My data.

Managing Data Sets

The Manage data sets pane enables you to view and manage the data sets you
create. When you create a data set, its name appears in the Data sets list. The
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following figure shows the Manage data sets pane after creating the data set
My data.

Pt | Bounds | Data |
v | r |My data |

ey | Set Bin Rules | Rename | Delete |

For each data set in the Data sets list, you can

® Select the Plot check box to display a plot of the data in the main
Distribution Fitting Tool window. See “Histogram of the Data” on page 2-17
for an example. When you create a new data set, Plot is selected by default.
Clearing the Plot check box removes the data from the plot in the main
window. You can specify the type of plot displayed in the Display Type field
in the main window. See “Display Type” on page 2-28.

¢ If Plot is selected, you can also select Bounds to display confidence interval
bounds for the plot in the main window. These bounds are pointwise
confidence bounds around the empirical estimates of these functions. The
bounds are only displayed when you set Display Type in the main window
to one of the following:

= Cumulative probability (CDF)
= Survivor function
= Cumulative hazard

The Distribution Fitting Tool cannot display confidence bounds on density
(PDF), quantile (inverse CDF), or probability plots. Clearing the Bounds check
box removes the confidence bounds from the plot in the main window.

When you select a data set from the list, the following buttons are enabled:

® View — Displays the data in a table in a new window.

¢ Set Bin Rules — Defines the histogram bins used in a density (PDF) plot.
See “Setting Bin Rules” on page 2-23.

® Rename — Renames the data set.
¢ Delete — Deletes the data set.
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Setting Bin Rules

To set bin rules for the histogram of a data set, click Set Bin Rules. This opens
the dialog box shown in the following figure.

<} Set Bin Width Rules _ ol x|
Diata: My data Data preview
ol

 Scott rule

7 Murber of king: I

" Bins centered on integers

7 Bir wictth: I

& putomatic bin placement

" Bin boundary at: I

r Apply to all existing data sets

[ save as defautt

Update Preview | Ok | Cancel |

You can select from the following rules:

* Freedom-Diaconis rule — Algorithm that chooses bin widths and locations
automatically, based on the sample size and the spread of the data. This rule,
which is the default, is suitable for many kinds of data

¢ Scott rule — Algorithm intended for data that are approximately normal.
The algorithm chooses bin widths and locations and locations automatically

¢ Number of bins — Enter the number of bins. All bins have equal widths.
¢ Bins centered on integers — Specifies bins centered on integers.

¢ Bin width — Enter the width of each bin. If you select this option, you can
make the following choices:

= Automatic bin placement — Places the edges of the bins at integer
multiples of the Bid width.

= Bin boundary at — Enter a scalar to specify the boundaries of the bins.

The boundary of each bin is equal to this scalar plus an integer multiple of
the Bin width.
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The Set Bin Rules dialog box also provides the following options:

e Apply to all existing data sets — When selected, the rule is applied to all
data sets. Otherwise, the rule is only applied to the data set currently
selected in the Data window.

® Save as default — When selected, the current rule is applied to any new
data sets that you create. You can also set default bin width rules by
selecting Set Default Bin Rules from the Tools menu in the main window.

Creating a New Fit

This section describes how to create a new fit. To begin, click the New Fit
button at the top of the main window to open a New Fit window. If you created
the data set My data, as described in “Example: Fitting a Distribution” on
page 2-16, My data appears in the Data field, as shown in the following figure.

e ol
Fit Marme: fit 1
Data: | My data =
Distribution: | Normal =
Exclusion rule: | (none) =

Marmal

Distribution parameters:
mu (location)
sigma (scale)

Apply |

Results:

Manage Fits | Close | Help |
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Fit Name
Enter a name for the fit in the Fit name field.

Data

The Data field contains a drop-down list of the data sets you have created.
Select the data set to which you want to fit a distribution.

Distribution

Select the type of distribution you want to fit in the Distribution drop-down
list. “Available Distributions” on page 2-26 lists the available distributions.

Note Only the distributions that apply to the values of the selected data set
are displayed in the Distribution field. For example, positive distributions are
not displayed when the data include values that are zero or negative.

You can specify either a parametric or a nonparametric distribution. When you
select a parametric distribution from the drop-down list, a description of its
parameters is displayed in the pane below Exclusion Rule. The Distribution
Fitting Tool estimates these parameters to fit the distribution to the data set.
When you select Nonparametric fit, options for the fit appear in the pane, as
described in “Options for Nonparametric Fits” on page 2-27.

Exclusion Rule

You can specify a rule to exclude some the data in the Exclusion rule field. You
can create an exclusion rule by clicking Exclude in the main window of the
Distribution Fitting Tool. “Excluding Data” on page 2-34.

Apply the New Fit

Click Apply to fit the distribution. For a parametric fit, the Results pane
displays the values of the estimated parameters. For a nonparametric fit, the
the Results pane displays information about the fit.

When you click Apply, the main window of Distribution Fitting Tool displays
a plot of the distribution, along with the corresponding data. “Plot of the
Distribution and Data” on page 2-19 shows the main window when you fit a
normal distribution to My data.
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Note When you click Apply, the title of the window changes to Edit Fit. You
can now make changes to the fit you just created and click Apply again to save
them. After closing the Edit Fit window, you can reopen it from the Fit
Manager window at any time to edit the fit.

Available Distributions

This section lists the distributions available in the Distribution Fitting Tool.
Most of the these distributions are supported by Statistics Toolbox functions
that you can use to fit distributions at the command line. For these
distributions, the corresponding command-line functions are also listed.
Distributions that do not have corresponding command-line functions are
described in “Additional Distributions Available in the Distribution Fitting
Tool” on page 2-42.

Non-parametric. Fits a nonparametric model using kernel smoothing with the
function ksdensity. “Options for Nonparametric Fits” on page 2-27 describes
the available options.

Beta. Fits a beta distribution using the function betafit. See “Beta
Distribution” on page 2-48.

Birnbaum-Saunders. Fits a Birnbaum-Saunders distribution. See
“Birnbaum-Saunders Distribution” on page 2-42.

Exponential. Fits an exponential distribution using the function expfit. See
“Exponential Distribution” on page 2-56.

Extreme Valve. Fits an extreme value distribution using the function evfit. See
“Extreme Value Distribution” on page 2-58.

Gamma. Fits a gamma distribution using the function gamfit. See “Gamma
Distribution” on page 2-64.

Inverse Gaussian. Fits an inverse Gaussian distribution. See “Inverse Gaussian
Distribution” on page 2-43.

Log-Logistic. Fits a log-logistic distribution. See “Log-Logistic Distribution” on
page 2-43.
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Logistic. Fits a logistic distribution. See “Logistic Distribution” on page 2-43.

Lognormal. Fits a lognormal distribution using the function lognfit. See
“Lognormal Distribution” on page 2-69.

Nakagami. Fits a Nakagami distribution. See “Nakagami Distribution” on
page 2-43.

Normal. Fits a normal distribution using the function normfit. See “Normal
Distribution” on page 2-73. See

Rayleigh. Fits a Rayleigh distribution using the function raylfit. “Rayleigh
Distribution” on page 2-78.

Rician. Fits a Rician distribution. “Rician Distribution” on page 2-44.

t Location-scale. Fits a t location-scale distribution. “t Location-Scale
Distribution” on page 2-44.

Weibull. Fits a Weibull distribution using the function wb1fit.

Options for Nonparametric Fits

When you select Non-parametric in the Distribution field, a set of options
appears in the pane below Exclusion rule, as shown in the following picture.

Mon-parametric

Kernel: I Marmal =~ l

Barcdwidttc % auto

(o Specifyl
Domair:  {* unbounded

" postive

" specity I to I

The options for nonparametric distributions are

¢ Kernel — The type of kernel function to use. The options are
= Normal
= Box

Triangle

Epanechnikov
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¢ Bandwidth — The bandwidth of the kernel smoothing window. Select auto
for a default value that is optimal for estimating normal densities. This value
is displayed in the Fit results pane after you click Apply. Select specify and
enter a smaller value to reveal features such as multiple modes or a larger
value to make the fit smoother.

® Domain — The allowed x-values for the density. The options are
= unbounded — The density extends over the whole real line.
= positive — The density is restricted to positive values.
= specify — Enter lower and upper bounds for the domain of the density.

When you select positive or specify, the nonparametric fit has zero
probability outside the specified domain.

Displaying Results
This section explains the different ways to display results in the main window
of the Distribution Fitting Tool. The main window displays plots of
¢ The data sets for which you select Plot in the Data window.
® The fits for which you select Plot in the Fit Manager window.
® Confidence bounds for
= Data sets for which you select Bounds in the Data window.

= Fits for which you select Bounds in the Fit Manager

Display Type

The Display Type field in the main window specifies the type of plot displayed.
Each type corresponds to a probability function, for example, a probability
density function. The following display types are available:

® Density (PDF) — Displays a probability density function (PDF) plot for the
fitted distribution. The main window displays data sets using a probability
histogram, in which the height of each rectangle is the fraction of data points
that lie in the bin divided by the width of the bin. This makes the sum of the
areas of the rectangles equal to 1.

® Cumulative probability (CDF) — Displays a cumulative probability plot of
the data. The main window displays data sets using a cumulative probability
step function. The height of each step is the cumulative sum of the heights of
the rectangles in the probability histogram.
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® Quantile (inverse CDF) — Displays a quantile (inverse CDF) plot.

® Probability plot — Displays a probability plot of the data. You can specify
the type of distribution used to construct the probability plot in the
Distribution field, which is only available when you select Probability
plot. The choices for the distribution are

= Exponential

= Extreme value
= Logistic

= Log-Logistic
= Lognormal

= Normal

= Rayleigh

= Weibull

In addition to these choices, you can create a probability plot against a
parametric fit that you create in the New Fit panel. These fits are added
at the bottom of the Distribution drop-down list when you create them.

® Survivor function — Displays a survivor function plot of the data.
® Cumulative hazard — Displays a cumulative hazard plot of the data.

Note Some of these distributions are not available if the plotted data
includes 0 or negative values.

Confidence Bounds

You can display confidence bounds for data sets and fits, provided that you set
Display Type to Cumulative probability (CDF), Survivor function,
Cumulative hazard, or Quantile for fits only.

® To display bounds for a data set, select Bounds next to the data set in the
Data sets pane of the Data window.

¢ To display bounds for a fit, select Bounds next to the fit in the Fit Manager
window. Confidence bounds are not available for all fit types.
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To set the confidence level for the bounds, select Confidence Level from the
View menu in the main window and choose from the options.

Managing Fits
This section describes how to manage fits that you have created. To begin, click

the Manage Fits button in the main window of the Distribution Fitting Tool.
This opens the Fit Manager window as shown in the following figure.

<} Fit Manager P[] 59
Tahle of Fits
Flot | Eounds | Mame | Data |
Vo[ Tt [ty csta |
Meswy Fit | Capy | Ediit | Delete |
Help |

The Table of fits displays a list of the fits you create.

Plot

Select Plot to display a plot of the fit in the main window of the Distribution
Fitting Tool. When you create a new fit, Plot is selected by default. Clearing
the Plot check box removes the fit from the plot in the main window.

Bounds

If Plot is selected, you can also select Bounds to display confidence bounds in
the plot. The bounds are displayed when you set Display Type in the main
window to one of the following:

® Cumulative probability (CDF)
® Quantile (inverse CDF)

® Survivor function

® Cumulative hazard
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The Distribution Fitting Tool cannot display confidence bounds on density
(PDF) or probability plots. In addition, bounds are not supported for
nonparametric fits and some parametric fits.

Clearing the Bounds check box removes the confidence intervals from the plot
in the main window.

When you select a fit in the Table of fits, the following buttons are enabled
below the table:

¢ New Fit — Opens a New Fit window.

® Copy — Creates a copy of the selected fit.

¢ Edit — Opens an Edit Fit window, where you can edit the fit.

Note You can only edit the currently selected fit in the Edit Fit window. To
edit a different fit, select it in the Table of fits and click Edit to open another
Edit Fit window.

® Delete — Deletes the selected fit.

Evaluating Fits

The Evaluate window enables you to evaluate any fit at whatever points you
choose. To open the window, click the Evaluate button in the main window of
the Distribution Fitting Tool. The following figure shows the Evaluate
window.
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J Evaluate [ ]

Function: | Density (FF) =
At x = I-3:D.?:4

[~ Compute confidence baunds

Level | 95 | %%

Press "Apply" to views results.

™ Plot function

Export taWorkspace. . | Apply | Close | Help |

The Evaluate window contains the following items:

® Fit pane — Displays the names of existing fits. Select one or more fits that
you want to evaluate. You can select multiple fits by pressing the Ctrl button
and clicking the names of the fits with the mouse.

¢ Function — Select the type of probability function you want to evaluate for
the fit. The available functions are

Density (PDF) — Computes a probability density function.

Cumulative probability (CDF) — Computes a cumulative probability
function.

Quartile (inverse CDF) — Computes a quantile (inverse CDF) function.
Survivor function — Computes a survivor function.

Cumulative hazard — Computes a cumulative hazard function.

Hazard rate — Computes the hazard rate.

® At x = — Enter a vector of points at which you want to evaluate the
distribution function. If you Function to Quantile (inverse CDF), the field
name changes to At p = and you enter a vector of probability values.



Disfribution Fitting Tool

¢ Compute confidence bounds — Select this box to compute confidence
bounds for the selected fits. The check box is only enabled if you set Function
to one of the following:
= Cumulative probability (CDF)
= Quantile (inverse CDF)
= Survivor function
= Cumulative hazard
The Distribution Fitting Tool cannot compute confidence bounds for
nonparametric fits and for some parametric fits. In these cases, the tool
returns NaN for the bounds.

® Level — Set the level for the confidence bounds.

¢ Plot function — Select this box to display a plot of the distribution function,
evaluated at the points you enter in the At x = field, in a new window.

Note The settings for Compute confidence bounds, Level, and Plot
function do not affect the plots that are displayed in the main window of the
Distribution Fitting Tool. The settings only apply to plots you create by
clicking Plot function in the Evaluate window.

Click Apply to apply these settings to the selected fit. The following figure
shows the results of evaluating the cumulative density function for the fit My
fit, created in “Example: Fitting a Distribution” on page 2-16, at the points in
the vector -3: 0.5: 3.
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<} Evaluate _I- _ID ll
Fit: % i
v LB | UB
-3 0.00241 0.00056 0.00565
-2.5 0.00503 0.00255 0.02175
-2 0.02296 0.00572 0.04552
-1.5 0.05649 0.03002 0.09565
-1 012026 0.07645 017926
-0.5 0.22289 016215 0.2945
0 0.3627 0.29003 0.44069
0.5 0.5238 0.44552 060107
1 065124 0.60427 0.75108
. 1.5 051122 0.74244 0.56734
; -
Function: ] CDF 2 04021 0aeTE 0.94064
At x = |-3:D.5:3 2.5 0.95559 0.91571 0.97795
0.952583 0.96052 0.99326
i Compute confidence bounds
Level I 95 %
I™ Plat function
I™ Plat data
Export to Workspace. .. | Close | Help |

The window displays the following values in the columns of the table to the
right of the Fit pane:

® X — The entries of the vector you enter in At x = field

® Y — The corresponding values of the CDF at the entries of X

¢ LB — The lower bounds for the confidence interval, if you select Compute
confidence bounds

® UB — The upper bounds for the confidence interval, if you select Compute
confidence bounds

To save the data displayed in the Evaluate window, click Export to
Workspace. This saves the values in the table to a matrix in the MATLAB
workspace.

Excluding Data

To exclude values from fit, click the Exclude button in the main window of the
Distribution Fitting Tool. This opens the Exclude window, in which you can
create rules for excluding specified values. You can use these rules to exclude
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data when you create a new fit in the New Fit window. The following figure
shows the Exclude window.

Dot -0l

Exclusion rule name;l Existing exclusion rules:

rExclude section:

Laowver limit: exclude |<= LI I

Upper limit: exclude v |>= LI I

rExclude graphically

Select data: IMy data LI Exclude Graphically

Copy. | ey |

Create Excluzion Rule | Rename | Delete |

Close | Help |

The following sections describe how to create an exclusion rule.

Exclusion Rule Name
Enter a name for the exclusion rule in the Exclusion rule name field.

Exclude Sections

In the Exclude sections pane, you can specify bounds for the excluded data:

¢ In the Lower limit: exclude Y drop-down list, select <= or < from the
drop-down list and enter a scalar in the field to the right. This excludes
values that are either less than or equal to or less than that scalar,
respectively.

¢ In the Upper limit: exclude Y drop-down list, select >= or > from the

drop-down list and enter a scalar in the field to the right to exclude values

that are either greater than or equal to or greater than the scalar,
respectively.
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The following diagram illustrates the values that are excluded by lower and
upper limits.

Excluded section Included data Excluded section

Lower limit: exclude Y Upper limit: exclude Y

Exclude Graphically

The Exclude Graphically button enables you to define the exclusion rule by
displaying a plot of the values in a data set and selecting the bounds for the
excluded data with the mouse. For example, if you created the data set My data,
described in “Creating and Managing Data Sets” on page 2-20, select it from
the drop-down list next to Exclude graphically and then click the Exclude
graphically button. This displays the values in My data in a new window as
shown in the following figure.

<} Define Boundary for Exclusion Rule =]

08+ B
06 B
0.4+ B
02F B
ol 1 1 1 1 1 1 )
3 2 1 0 1 2 3 4

Add lowver limit Add upper limit | Close |
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To set a lower limit for the boundary of the excluded region, click Add Lower
Limit. This displays a vertical line on the left side of the plot window. Move the
line with the mouse to the point you where you want the lower limit, as shown
in the following figure.

<} Define Boundary for Exclusion Rule =1ol x|

0.8
0.6 “
0.4
0z
S 2 1 o 1 2 3 4
Rermaove lower limit | Add upper limit | Close |

Moving the vertical line changes the value displayed in the Lower limit:
exclude Y field in the Exclude window, as shown in the following figure.

Exclude Sections

Exclude ¥ == | [-24589

Exclude v |>= LI I

The value displayed corresponds to the x-coordinate of the vertical line.

Similarly, you can set the upper limit for the boundary of the excluded region
by clicking Add Upper Limit and moving the vertical line that appears at the
right side of the plot window. After setting the lower and upper limits, click
Close and return to the Exclude window.
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Create Exclusion Rule

Once you have set the lower and upper limits for the boundary of the excluded
data, click Create Exclusion Rule to create the new rule. The name of the new
rule now appears in the Existing exclusion rules pane.

When you select an exclusion rule in the Existing exclusion rules pane, the
following buttons are enabled:

® Copy — Creates a copy of the rule, which you can then modify. To save the
modified rule under a different name, click Create Exclusion Rule.

® View — Opens a new window in which you can see which data points are
excluded by the rule. The following figure shows a typical example.

<) Wiew Exclusion Rule =lol x|
Exclusion Rule: by rule Indes Dsts | Censa... Freque...l
Data: My data 0.24559 o

1

2 -1.87182

3 0.53547

4 076275
& -1.24506
5

7

&

202725
2024583
030731

R T

9 051821
10 0.60448
11 0.09861
12 1.37611
13 -0.46364
14 341645
Excluded Sections: 15 016905
Exclude ¥ <= -2.4589 16 05193 =
Exclude ¥ == 3.1072 17 1 AeRdA

Cloze |

The shaded areas in the plot graphically display which data points are
excluded. The table to the right lists all data points. The shaded rows

indicate excluded points:

* Rename — Renames the rule
® Delete — Deletes the rule

Once you define an exclusion rule, you can use it when you fit a distribution to
your data. The rule does not exclude points from the display of the data set.
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Saving and Loading Sessions

This section explains how to save your work in the current Distribution Fitting
Tool session and then load it in a subsequent session, so that you can continue
working where you left off.

Saving a Session

To save the current session, select Save Session from the File menu in the
main window. This opens a dialog box that prompts you to enter a filename,
such as my_session.dfit, for the session. Clicking Save saves the following
items created in the current session:

® Data sets

* Fits

¢ Exclusion rules
¢ Plot settings

® Bin width rules

Loading a Session

To load a previously saved session, select Load Session from the File menu in
the main window and enter the name of a previously saved session. Clicking
Open restores the information from the saved session to the current session of
the Distribution Fitting Tool.

Generating an M-File to Plot Fitted Distributions
The Generate M-file option in the File menu enables you to create an M-file
that

¢ Fits the distributions used in the current session to any data vector in the
MATLAB workspace

¢ Plots the data and fits
After you end the current session, you can use the M-file to create plots in a

standard MATLAB figure window, without having to reopen the Distribution
Fitting Tool.

As an example, assuming you created the fit described in “Creating a New Fit”
on page 2-24, select Generate M-file from the File menu and save the M-file
as normal_fit.min a directory on the MATLAB path. If you then apply

2-39



2 Probability Distributions

2-40

dist _plots to the vector data, described in “Create Random Data for the
Example” on page 2-16, with the following commands.

data = normrnd(.36, 1.4, 100, 1);
normal_fit(data)

MATLAB generates the following plot in a new window.

<} Figure 1 [ ]

File Edit Wiew Insert Tools Desktop Window Help

Deds K ®Ra@e (@0 =0

0.35 : T .
I hly data
— iy fit
03r E
0251 /
02r

015

0.1f

The plot is the same as the one displayed in the Distribution Fitting Tool, in
“Plot of the Distribution and Data” on page 2-19.

You can apply the M-file normal_fit to other data vectors in the MATLAB
workspace. For example, the commands

new_data = normrnd(4.1, 12.5, 100, 1);
normal_fit(new_data)
legend('New Data', 'My fit')

generate the following plot.
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<} Figure 1 10l =|

File Edit Wiew Insert Tools Desktop Window Help

Deds K ®Ra@e (@0 =0

— iy it
S I hew data
0351 .
03t \

0251 \

0.4

Note By default, the M-file labels the data in the legend using the same
name as the data set in the Distribution Fitting Tool. You can change the label
using the legend command, as illustrated by the preceding example.

Using Custom Distributions

This section explains how to use custom distributions with the Distribution
Fitting Tool.

Defining Custom Distributions

To define a custom distribution, select Define Custom Distribution from the
File menu. This opens an M-file template in the MATLAB editor. You then edit
this M-file so that it computes the distribution you want.
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The template includes example code that computes the Laplace distribution,
beginning at the lines

% ---- Remove the following return statement to define the
% ---- Laplace distributon
return

To use this example, simply delete the command return and save the M-file. If
you save the template in a directory on the MATLAB path, under its default
name dfittooldists.m, the Distribution Fitting Tool reads it in automatically
when you start the tool. You can also save the template under a different name,
such as laplace.m, and then import the custom distribution as described in the
following section.

Importing Custom Distributions

To import a custom distribution, select Import Custom Distributions from
the File menu. This opens a dialog box in which you can select the M-file that
defines the distribution. For example, if you created the file 1aplace.m, as
described in the preceding section, you can enter laplace.m and select Open in
the dialog box. The Distribution field of the New Fit window now contains the
option Laplace.

Additional Distributions Available in the
Distribution Fitting Tool

This section describes the distributions that are available in the Distribution
Fitting Tool, but which have no corresponding command-line functions. For a
complete list of the distributions you can use with the Distribution Fitting Tool,
see “Available Distributions” on page 2-26.

Birnbaum-Saunders Distribution
The Birnbaum-Saunders distribution has the density function

{_ (/B B/x)Z}(<M+ B/x)
2y2

1
——exp

J2n

with scale parameter > 0 and shape parameter y > 0, for x > 0.

2yx
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If x has a Birnbaum-Saunders distribution with parameters  and vy, then
%(A/x/s + B/
has a standard normal distribution.

Inverse Gaussian Distribution
The inverse Gaussian distribution has the density function

A A 2
3 exp{ 5 (x—p) }
21x 2nx

Log-Logistic Distribution
The variable x has a log logistic distribution with location parameter p and
scale parameter ¢ > 0 if In x has a logistic distribution with parameters p and o.

Logistic Distribution
The logistic distribution has the density function

x—p

c
e

2
xop
)

with location parameter pu and scale parameter ¢ > 0, for all real x.

Nakagami Distribution

The Nakagami distribution has the density function

O | ~ By

2(E NG
I'(w)

with shape parameter p and scale parameter o > 0, for x > 0. If x has a
Nakagami distribution with parameters p and », then x% has a gamma
distribution with shape parameter p and scale parameter w/p.
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Rician Distribution
The Rician distribution has the density function

7(x2+sz)

xs) x 26°

IO( 2) 2 ¢
c o

with noncentrality parameter s >0 and scale parameter ¢ > 0, for x > 0. I ) is
the zero-order modified Bessel function of the firgt kind. If x has a Rician
distribution with parameters s and o, then (x/ 6)2 has a noncentral chi-square
distribution with two degrees of freedom and noncentrality parameter (s/c)

t Location-Scale Distribution
The t location-scale distribution has the density function

F("Tﬂ) v+ (’C—;E)z B (UTH)

oo r(g) v

with location parameter p, scale parameter ¢ > 0, and shape parameter Vx>—0'
If x has a t location-scale distribution, with parameters p, ¢, and v, then —

has a Student’s t distribution with v degrees of freedom.

Using the Distributions with Command-Line Functions

You can specify the distributions described in this section when using the
functions mle, cdf, icdf, and pdf. To do so, set the first argument of the
function to one of the following distribution names:

'birnbaumsaunders’
‘inversegaussian'
‘loglogistic'
‘nakagami'’
‘rician’
'tlocationscale’
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Overview of the Distributions

The following sections describe the probability distributions that are available
using functions at the command line. For additional distributions that are only
available through the Distribution Fitting Tool, see “Additional Distributions
Available in the Distribution Fitting Tool” on page 2-42:

¢ “Reproducing the Output of Random Number Functions” on page 2-46

¢ “Beta Distribution” on page 2-48

¢ “Binomial Distribution” on page 2-50

® “Chi-Square Distribution” on page 2-52

® “Noncentral Chi-Square Distribution” on page 2-53

¢ “Discrete Uniform Distribution” on page 2-55

¢ “Exponential Distribution” on page 2-56

¢ “Extreme Value Distribution” on page 2-58

¢ “F Distribution” on page 2-61

® “Noncentral F Distribution” on page 2-63

® “Gamma Distribution” on page 2-64

® “Geometric Distribution” on page 2-66

¢ “Hypergeometric Distribution” on page 2-67

¢ “Lognormal Distribution” on page 2-69

® “Negative Binomial Distribution” on page 2-70

¢ “Normal Distribution” on page 2-73

¢ “Poisson Distribution” on page 2-76

® “Rayleigh Distribution” on page 2-78

¢ “Student’s t Distribution” on page 2-79

® “Noncentral t Distribution” on page 2-80

¢ “Uniform (Continuous) Distribution” on page 2-82

® “Weibull Distribution” on page 2-83
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Reproducing the Output of Random Number
Functions

The Statistics Toolbox contains functions that generate random samples from
the distributions described in this section. These functions use the MATLAB
functions rand and/or randn to generate their output. If you want to reproduce
the exact output for any of these functions, you must set the state for rand
and/or randn each time you call the function. For example, the following code
sets the states for rand and randn:

state = 137;
rand('state', state);
randn('state', state);

If you execute this code with any fixed value for state, before calling one of the
random number functions, the function always returns the same output. You
might want to save these commands in an M-file script called initstate.m.
Then, instead of three separate commands, you need only enter initstate.

The following table lists the random number functions and indicates their
dependencies on rand and randn. To reproduce the output of a function in the
left-hand column, set the states of the functions listed in the right-hand column

Random Number Functions Dependencies on rand,
randn

betarnd rand, randn
binornd rand
chi2rnd rand, randn
exprnd rand

evrnd rand

frnd rand, randn
gamrnd rand

geornd rand
hygernd rand
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Random Number Functions Dependencies on rand,
randn
iwishrnd rand, randn
lognrnd randn
mvnrnd randn
mvtrnd rand, randn
nbinrnd rand, randn
ncfrnd rand, randn
nctrnd rand, randn
ncx2rnd randn
normrnd randn
poissrnd rand, randn
raylrnd randn
trnd rand, randn
unidrnd rand
unifrnd rand
wblrnd rand
wblrnd rand
wishrnd rand, randn
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Beta Distribution
The following sections provide an overview of the beta distribution.

Background on the Beta Distribution

The beta distribution describes a family of curves that are unique in that they
are nonzero only on the interval (0 1). A more general version of the function
assigns parameters to the end-points of the interval.

The beta cdf is the same as the incomplete beta function.

The beta distribution has a functional relationship with the t distribution. If Y’
is an observation from Student’s t distribution with v degrees of freedom, then
the following transformation generates X, which is beta distributed.

1 Y
2/\/V+Y2

If Y~t(v) ,then X~B(§,%).

-1
X—2+

The Statistics Toolbox uses this relationship to compute values of the t cdf and
inverse function as well as generating t distributed random numbers.

Definition of the Beta Distribution
The beta pdfis

y = f(x]a, b) = B(a;b)xa

-1 b-1

(1-x)" "L, 1)(x)
where B( - ) is the Beta function. The indicator function /(g 1)(x) ensures that
only values of x in the range (0 1) have nonzero probability.

Parameter Estimation for the Beta Distribution

Suppose you are collecting data that has hard lower and upper bounds of zero
and one respectively. Parameter estimation is the process of determining the
parameters of the beta distribution that fit this data best in some sense.

One popular criterion of goodness is to maximize the likelihood function. The
likelihood has the same form as the beta pdf. But for the pdf, the parameters
are known constants and the variable is x. The likelihood function reverses the
roles of the variables. Here, the sample values (the x’s) are already observed.
So they are the fixed constants. The variables are the unknown parameters.
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Maximum likelihood estimation (MLE) involves calculating the values of the
parameters that give the highest likelihood given the particular set of data.

The function betafit returns the MLEs and confidence intervals for the
parameters of the beta distribution. Here is an example using random numbers
from the beta distribution witha =5 and b = 0.2.

r = betarnd(5,0.2,100,1);
[phat, pci] = betafit(r)

phat =
4.5330 0.2301

pci =
2.8051 0.1771
6.2610 0.2832

The MLE for parameter a is 4.5330, compared to the true value of 5. The 95%
confidence interval for a goes from 2.8051 to 6.2610, which includes the true
value.

Similarly the MLE for parameter b is 0.2301, compared to the true value of 0.2.
The 95% confidence interval for b goes from 0.1771 to 0.2832, which also
includes the true value. In this made-up example you know the “true value.” In
experimentation you do not.

Example and Plot of the Beta Distribution

The shape of the beta distribution is quite variable depending on the values of
the parameters, as illustrated by the plot below.

2.5

a=b=0.75 a=b=4

2

15¢1

1

051
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The constant pdf (the flat line) shows that the standard uniform distribution is
a special case of the beta distribution.

Binomial Distribution
The following sections provide an overview of the binomial distribution.

Background of the Binomial Distribution

The binomial distribution models the total number of successes in repeated
trials from an infinite population under the following conditions:

® Only two outcomes are possible on each of n trials.
® The probability of success for each trial is constant.

o All trials are independent of each other.

James Bernoulli derived the binomial distribution in 1713 (Ars Conjectandi).
Earlier, Blaise Pascal had considered the special case where p = 1/2.

Definition of the Binomial Distribution
The binomial pdfis

n 1-
y = flx|n,p) = (x)pxq( x)I(o, 1))

ny n! _
where (x) = x__!(n—x)! and ¢ = 1-p.

The binomial distribution is discrete. For zero and for positive integers less
than n, the pdfis nonzero.

Parameter Estimation for the Binomial Distribution

Suppose you are collecting data from a widget manufacturing process, and you
record the number of widgets within specification in each batch of 100. You
might be interested in the probability that an individual widget is within
specification. Parameter estimation is the process of determining the
parameter, p, of the binomial distribution that fits this data best in some sense.

One popular criterion of goodness is to maximize the likelihood function. The
likelihood has the same form as the binomial pdf above. But for the pdf, the
parameters (n and p) are known constants and the variable is x. The likelihood
function reverses the roles of the variables. Here, the sample values (the x’s)
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are already observed. So they are the fixed constants. The variables are the
unknown parameters. MLE involves calculating the value of p that give the
highest likelihood given the particular set of data.

The function binofit returns the MLEs and confidence intervals for the
parameters of the binomial distribution. Here is an example using random
numbers from the binomial distribution with n = 100 and p = 0.9.

r binornd(100,0.9)

88
[phat, pci] = binofit(r,100)

phat =
0.8800

pci =
0.7998
0.9364

The MLE for parameter p is 0.8800, compared to the true value of 0.9. The 95%
confidence interval for p goes from 0.7998 to 0.9364, which includes the true
value. In this made-up example you know the “true value” of p. In
experimentation you do not.

Example and Plot of the Binomial Distribution
The following commands generate a plot of the binomial pdf for n = 10 and
p=1/2.

X = 0:10;

y = binopdf(x,10,0.5);

plot(x,y, '+")
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Chi-Square Distribution

The following sections provide an overview of the 32 distribution.

Background of the Chi-Square Distribution

The %2 distribution is a special case of the gamma distribution where b = 2 in
the equation for gamma distribution below.

X
1 a-1 b
X e
bT(a)

y = f(x]a,b) =

The xz distribution gets special attention because of its importance in normal
sampling theory. If a set of n observations is normally distributed with
variance 62, and s? is the sample standard deviation, then

(n—-1)s>
2

(¢

~*(n-1)

The Statistics Toolbox uses the above relationship to calculate confidence
intervals for the estimate of the normal parameter o in the function normfit.
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Definition of the Chi-Square Distribution
The 32 pdfis

(v =2)/2,7%/2
y = flx|v) = —0—

22r(v/2)

where I'( - ) is the Gamma function, and v is the degrees of freedom.

Example and Plot of the Chi-Square Distribution

The xz distribution is skewed to the right especially for few degrees of freedom
(v). The plot shows the XZ distribution with four degrees of freedom.

X = 0:0.2:15;
y = chi2pdf(x,4);
plot(x,y)
0.2
0.15}
0.1
0.05 [
0 .
0 5 10 15

Noncentral Chi-Square Distribution
The following sections provide an overview of the noncentral x2 distribution.

Background of the Noncentral Chi-Square Distribution

The %2 distribution is actually a simple special case of the noncentral
chi-square distribution. One way to generate random numbers with a 2
distribution (with v degrees of freedom) is to sum the squares of v standard
normal random numbers (mean equal to zero.)

What if the normally distributed quantities have a mean other than zero? The
sum of squares of these numbers yields the noncentral chi-square distribution.
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The noncentral chi-square distribution requires two parameters; the degrees of
freedom and the noncentrality parameter. The noncentrality parameter is the
sum of the squared means of the normally distributed quantities.

The noncentral chi-square has scientific application in thermodynamics and
signal processing. The literature in these areas may refer to it as the Ricean or
generalized Rayleigh distribution.

Definition of the Noncentral Chi-Square Distribution

There are many equivalent formulas for the noncentral chi-square distribution
function. One formulation uses a modified Bessel function of the first kind.
Another uses the generalized Laguerre polynomials. The Statistics Toolbox
computes the cumulative distribution function values using a weighted sum of
xz probabilities with the weights equal to the probabilities of a Poisson
distribution. The Poisson parameter is one-half of the noncentrality parameter
of the noncentral chi-square.

0 lSJ )

27 73 2
F(x|v,8) = Z T e Pr[xv+2j3x]
j=0

where 6 is the noncentrality parameter.

Example of the Noncentral Chi-Square Distribution
The following commands generate a plot of the noncentral chi-square pdf.
X = (0:0.1:10)';
p1 = ncx2pdf(x,4,2);
p = chi2pdf(x,4);
plOt(X:psl"lsxsp1sl'l)
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Discrete Uniform Distribution
The following sections provide an overview of the discrete uniform distribution.

Background of the Discrete Uniform Distribution

The discrete uniform distribution is a simple distribution that puts equal
weight on the integers from one to N.

Definition of the Discrete Uniform Distribution
The discrete uniform pdfis

y = f(x|N) = ]%]1(1,_“,]\])(35)

Example and Plot of the Discrete Uniform Distribution

As for all discrete distributions, the cdf is a step function. The plot shows the
discrete uniform cdf for N = 10.

X = 0:10;

y = unidcdf(x,10);
stairs(x,y)

set(gca, 'X1im',[0 11])
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To pick a random sample of 10 from a list of 553 items:
numbers = unidrnd(553,1,10)
numbers =

293 372 5 213 37 231 380 326 515 468

Exponential Distribution
The following sections provide an overview of the exponential distribution.

Background of the Exponential Distribution

Like the chi-square distribution, the exponential distribution is a special case
of the gamma distribution (obtained by setting a = 1)

X
1 a-1 b
X e
bT(a)

y = f(x]|a,b) =

where I'( - ) is the Gamma function.

The exponential distribution is special because of its utility in modeling events
that occur randomly over time. The main application area is in studies of
lifetimes.

Definition of the Exponential Distribution
The exponential pdfis

e

=i

y = flxlp) =

=g
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Parameter Estimation for the Exponential Distribution

Suppose you are stress testing light bulbs and collecting data on their lifetimes.
You assume that these lifetimes follow an exponential distribution. You want
to know how long you can expect the average light bulb to last. Parameter
estimation is the process of determining the parameters of the exponential
distribution that fit this data best in some sense.

One popular criterion of goodness is to maximize the likelihood function. The
likelihood has the same form as the exponential pdf above. But for the pdf, the
parameters are known constants and the variable is x. The likelihood function
reverses the roles of the variables. Here, the sample values (the x’s) are already
observed. So they are the fixed constants. The variables are the unknown
parameters. MLE involves calculating the values of the parameters that give
the highest likelihood given the particular set of data.

The function expfit returns the MLEs and confidence intervals for the
parameters of the exponential distribution. Here is an example using random
numbers from the exponential distribution with p = 700.

lifetimes = exprnd(700,100,1);
[muhat, muci] = expfit(lifetimes)

muhat =
672.8207
muci =

547.4338
810.9437

The MLE for parameter p is 672, compared to the true value of 700. The 95%
confidence interval for p goes from 547 to 811, which includes the true value.

In the life tests you do not know the true value of u so it is nice to have a
confidence interval on the parameter to give a range of likely values.

Example and Plot of the Exponential Distribution

For exponentially distributed lifetimes, the probability that an item will
survive an extra unit of time is independent of the current age of the item. The
example shows a specific case of this special property.
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1 =10:10:60;
1pd = 1+0.1;
deltap = (expcdf(1lpd,50)-expcdf(1l,50))./(1-expcdf(1,50))

deltap =
0.0020 0.0020 0.0020 0.0020 0.0020 0.0020

The following commands generate a plot of the exponential pdf with its
parameter (and mean), u, set to 2.

x = 0:0.1:10;

y = exppdf(x,2);

plot(x,y)
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Extreme Value Distribution
The following sections provide an overview of the extreme value distribution.

Background of the Extreme Value Distribution

Extreme value distributions are often used to model the smallest or largest
value among a large set of independent, identically distributed random values
representing measurements or observations. The extreme value distribution
used in the Statistics Toolbox is appropriate for modeling the smallest value
from a distribution whose tails decay exponentially fast, for example, the
normal distribution. It can also model the largest value from a distribution,
such as the normal or exponential distributions, by using the negative of the
original values.

For example, the values generated by the following code have approximately
an extreme value distribution.
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xmin = min(randn(1000,5), [1, 1);
negxmax = -max(randn(1000,5), [], 1);

Although the extreme value distribution is most often used as a model for
extreme values, you can also use it as a model for other types of continuous
data. For example, extreme value distributions are closely related to the
Weibull distribution. If T has a Weibull distribution, then log(T) has a type 1
extreme value distribution.

Definition of the Extreme Value Distribution

The probability density function for the extreme value distribution with
location parameter p and scale parameter c is

y = fialn ) = o~ exp(<TE) exp(-exp <)

If T has a Weibull distribution with parameters a and b, as described in
“Weibull Distribution” on page 2-83, then log T has an extreme value
distribution with parameters p = log a and ¢ = 1/b.

Parameter Estimation for the Extreme Value Distribution

The function evfit returns the maximum likelihood estimates (MLEs) and
confidence intervals for the parameters of the extreme value distribution. The
following example shows how to fit some sample data using evfit, including
estimates of the mean and variance from the fitted distribution.

Suppose you want to model the size of the smallest washer in each batch of
1000 from a manufacturing process. If you believe that the sizes are
independent within and between each batch, you can fit an extreme value
distribution to measurements of the minimum diameter from a series of eight
experimental batches. The following code returns the MLEs of the distribution
parameters as parmhat and the confidence intervals as the columns of parmci.

X = [19.774 20.141 19.44 20.511 21.377 19.003 19.66 18.83];
[parmhat, parmci] = evfit(x)

parmhat =
20.2506 0.8223
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parmci =

19.644 0.49861
20.857 1.3562

You can find mean and variance of the extreme value distribution with these
parameters using the function evstat.

[meanfit, varfit] = evstat(parmhat(1),parmhat(2))

meanfit =
19.776

varfit =
1.1123

Plot of the Extreme Value Distribution

The following code generates a plot of the pdf for the extreme value
distribution.

t = [-5:.01:2];
y = evpdf(t);
plot(t, vy)

0.4
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The extreme value distribution is skewed to the left, and its general shape
remains the same for all parameter values. The location parameter, mu, shifts
the distribution along the real line, and the scale parameter, sigma, expands or
contracts the distribution. This example plots the probability function for
different combinations of mu and sigma.

x = -15:.01:5;

plot(x,evpdf(x,2,1),"'-"', x,evpdf(x,0,2),':",
x,evpdf(x,-2,4),'-.');

legend({'mu = 2, sigma = 1' 'mu = 0, sigma = 2' 'mu = -2,'...
‘sigma = 4'},2)

xlabel('x")

ylabel('f(x|mu,sigma')

0.4 T T T
— mu=2,sigma=1

mu =0, sigma =2
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F Distribution

The following sections provide an overview of the F distribution.
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Background of the F distribution

The F distribution has a natural relationship with the chi-square distribution.
If 1 and y9 are both chi-square with v; and vy degrees of freedom respectively,
then the statistic ¥ below is F' distributed.

1
Vi
F(vi,vg) = ;;
V2
The two parameters, v and vy, are the numerator and denominator degrees of

freedom. That is, v; and vy are the number of independent pieces of information
used to calculate y; and yo, respectively.

Definition of the F distribution
The pdf for the F distribution is

O]y 5

y = f(x|v1,v2) =

@) T @] T
where I'( - ) is the Gamma function.

Example and Plot of the F distribution
The most common application of the F distribution is in standard tests of
hypotheses in analysis of variance and regression.

The plot shows that the F distribution exists on the positive real numbers and
is skewed to the right.

X = 0:0.01:10;
y = fpdf(x,5,3);
plot(x,y)
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Noncentral F Distribution

The following sections provide an overview of the noncentral F distribution.

Background of the Noncentral F Distribution

As with the xz distribution, the F distribution is a special case of the noncentral
F distribution. The F distribution is the result of taking the ratio of two xz
random variables each divided by its degrees of freedom.

If the numerator of the ratio is a noncentral chi-square random variable
divided by its degrees of freedom, the resulting distribution is the noncentral
F distribution.

The main application of the noncentral F distribution is to calculate the power
of a hypothesis test relative to a particular alternative.

Definition of the Noncentral F Distribution

Similar to the noncentral y2 distribution, the toolbox calculates noncentral
F distribution probabilities as a weighted sum of incomplete beta functions
using Poisson probabilities as the weights.

1.\
” (56) _g VX
F(x|vq,vg,8) = Z T—e I(

j=0

Vi . V2
—_ 47 =
2 J’ 2}

I(x|a,b) is the incomplete beta function with parameters a and b, and 3§ is the
noncentrality parameter.

v2+v1-x
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Example and Plot of the Noncentral F Distribution
The following commands generate a plot of the noncentral F pdf.

x = (0.01:0.1:10.01)';

p1 = ncfpdf(x,5,20,10);
p = fpdf(x,5,20);
plOt(Xspsl"lsxsp17l'l)
0.8
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Gamma Distribution
The following sections provide an overview of the gamma distribution.

Background of the Gamma Distribution

The gamma distribution is a family of curves based on two parameters. The
chi-square and exponential distributions, which are children of the gamma
distribution, are one-parameter distributions that fix one of the two gamma
parameters.

The gamma distribution has the following relationship with the incomplete
Gamma function.

I'(x|a,b) = gammainc(g, a)

For b = 1 the functions are identical.

When a is large, the gamma distribution closely approximates a normal
distribution with the advantage that the gamma distribution has density only
for positive real numbers.
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Definition of the Gamma Distribution
The gamma pdfis
x
1 a-1 b
X e
bT(a)

y = f(x]a,b) =

where I'( - ) is the Gamma function.

Parameter Estimation for the Gamma Distribution

Suppose you are stress testing computer memory chips and collecting data on
their lifetimes. You assume that these lifetimes follow a gamma distribution.
You want to know how long you can expect the average computer memory chip
to last. Parameter estimation is the process of determining the parameters of
the gamma distribution that fit this data best in some sense.

One popular criterion of goodness is to maximize the likelihood function. The
likelihood has the same form as the gamma pdf above. But for the pdf, the
parameters are known constants and the variable is x. The likelihood function
reverses the roles of the variables. Here, the sample values (the x’s) are already
observed. So they are the fixed constants. The variables are the unknown
parameters. MLE involves calculating the values of the parameters that give

the highest likelihood given the particular set of data.

The function gamfit returns the MLEs and confidence intervals for the
parameters of the gamma distribution. Here is an example using random
numbers from the gamma distribution with ¢ = 10 and b = 5.

lifetimes = gamrnd(10,5,100,1);
[phat, pci] = gamfit(lifetimes)
phat =

10.9821 4.7258
pci =

7.4001 3.1543
14.5640 6.2974

Note phat (1) = a and phat(2) = b . The MLE for parameter a is 10.98,
compared to the true value of 10. The 95% confidence interval for a goes from

7.4 to 14.6, which includes the true value.
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Similarly the MLE for parameter b is 4.7, compared to the true value of 5. The
95% confidence interval for b goes from 3.2 to 6.3, which also includes the true
value.

In the life tests you do not know the true value of a and b so it is nice to have a
confidence interval on the parameters to give a range of likely values.

Example and Plot of the Gamma Distribution

In the example the gamma pdfis plotted with the solid line. The normal pdfhas
a dashed line type.

X = gaminv((0.005:0.01:0.995),100,10);
y = gampdf(x,100,10);

y1 = normpdf(x,1000,100);
plOt(X:ysl'I5X5y1sl"l)
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Geometric Distribution
The following sections provide an overview of the geometric distribution.

Background of the Geometric Distribution

The geometric distribution is discrete, existing only on the nonnegative
integers. It is useful for modeling the runs of consecutive successes (or failures)
in repeated independent trials of a system.

The geometric distribution models the number of successes before one failure
in an independent succession of tests where each test results in success or
failure.
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Definition of the Geometric Distribution
The geometric pdfis

y = fx|p) = pg" Lo 1. )
whereg =1 -p.

Example and Plot of the Geometric Distribution

Suppose the probability of a five-year-old battery failing in cold weather is 0.03.
What is the probability of starting 25 consecutive days during a long cold snap?

1 - geocdf(25,0.03)
ans =
0.4530

The plot shows the cdf for this scenario.

X = 0:25;
y = geocdf(x,0.03);
stairs(x,y)

0 5 10 15 20 25
Hypergeometric Distribution
The following sections provide an overview of the hypergeometric distribution.
Background of the Hypergeometric Distribution

The hypergeometric distribution models the total number of successes in a
fixed size sample drawn without replacement from a finite population.
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The distribution is discrete, existing only for nonnegative integers less than the
number of samples or the number of possible successes, whichever is greater.
The hypergeometric distribution differs from the binomial only in that the
population is finite and the sampling from the population is without
replacement.

The hypergeometric distribution has three parameters that have direct
physical interpretations. M is the size of the population. K is the number of
items with the desired characteristic in the population. n is the number of
samples drawn. Sampling “without replacement” means that once a particular
sample is chosen, it is removed from the relevant population for all subsequent
selections.

Definition of the Hypergeometric Distribution
The hypergeometric pdfis

(G
()

Example and Plot of the Hypergeometric Distribution

The plot shows the cdf of an experiment taking 20 samples from a group of 1000
where there are 50 items of the desired type.

y = f(x|M,K,n) =

X = 0:10;
y hygecdf (x,1000,50,20);
stairs(x,y)
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—
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Lognormal Distribution
The following sections provide an overview of the lognormal distribution.

Background of the Lognormal Distribution

The normal and lognormal distributions are closely related. If X is distributed
lognormal with parameters p and 62, then InX is distributed normal with
parameters p and 6.

The lognormal distribution is applicable when the quantity of interest must be
positive, since [nX exists only when the random variable X is positive.
Economists often model the distribution of income using a lognormal
distribution.

Definition of the Lognormal Distribution
The lognormal pdf is

~(Inx — p)°*
202

y = flx|p, 0) = e

1
x0.2n

Example and Plot of the Lognormal Distribution

Suppose the income of a family of four in the United States follows a lognormal
distribution with p = log(20,000) and o2 = 1.0. Plot the income density.

X = (10:1000:125010) ';

y = lognpdf(x,log(20000),1.0);

plot(x,y)

set(gca, 'xtick',[0 30000 60000 90000 120000])

set(gca, 'xticklabel',str2mat('0', '$30,000','$60,000',...
'$90,000', '$120,000"'))
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Negative Binomial Distribution

The following sections provide an overview of the negative binomial
distribution.

® “Background of the Negative Binomial Distribution” on page 2-70
® “Definition of the Negative Binomial Distribution” on page 2-71
¢ “Parameter Estimation for the Negative Binomial Distribution” on page 2-71

¢ “Example and Plot of the Negative Binomial Distribution” on page 2-73

Background of the Negative Binomial Distribution

In its simplest form, the negative binomial distribution models the number of
successes before a specified number of failures is reached in an independent
series of repeated identical trials. It can also be thought of as modeling the total
number of trials required before a specified number of successes, thus
motivating its name as the inverse of the binomial distribution. Its parameters
are the probability of success in a single trial, p , and the number of failures, r.
A special case of the negative binomial distribution, when r = 1, is the
geometric distribution (also known as the Pascal distribution), which models
the number of successes before the first failure.

More generally, the r parameter can take on noninteger values. This form of
the negative binomial has no interpretation in terms of repeated trials, but,
like the Poisson distribution, it is useful in modeling count data. It is, however,
more general than the Poisson, because the negative binomial has a variance
that is greater than its mean, often making it suitable for count data that do
not meet the assumptions of the Poisson distribution. In the limit, as the
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parameter r increases to infinity, the negative binomial distribution
approaches the Poisson distribution.

Definition of the Negative Binomial Distribution
When the r parameter is an integer, the negative binomial pdf is

+x-1
y = flx|r.p) = (r : )Prqxl(o, 1,.)®)

where ¢ = 1-p. When r is not an integer, the binomial coefficient in the
definition of the pdfis replaced by the equivalent expression

I'(r+x)
'mrx+1)

Parameter Estimation for the Negative Binomial Distribution

Suppose you are collecting data on the number of auto accidents on a busy
highway, and would like to be able to model the number of accidents per day.
Because these are count data, and because there are a very large number of
cars and a small probability of an accident for any specific car, you might think
to use the Poisson distribution. However, the probability of having an accident
is likely to vary from day to day as the weather and amount of traffic change,
and so the assumptions needed for the Poisson distribution are not met. In
particular, the variance of this type of count data sometimes exceeds the mean
by a large amount. The data below exhibit this effect: most days have few or no
accidents, and a few days have a large number.

accident = [2 3 4 2 3 1 12 8 14 31 23 1 10 7 O0];
mean (accident)

ans =
8.0667
var(accident)
ans =
79.352

The negative binomial distribution is more general than the Poisson, and is
often suitable for count data when the Poisson is not. The function nbinfit
returns the maximum likelihood estimates (MLEs) and confidence intervals for
the parameters of the negative binomial distribution. Here are the results from
fitting the accident data:
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2-72

[phat,pci] = nbinfit(accident)
phat =
1.006 0.11088
pci =
0.015286 0.00037634
1.9967 0.22138

It is difficult to give a physical interpretation in this case to the individual
parameters. However, the estimated parameters can be used in a model for the
number of daily accidents. For example, a plot of the estimated cumulative
probability function shows that while there is an estimated 10% chance of no
accidents on a given day, there is also about a 10% chance that there will be 20
or more accidents.

plot(0:50,nbincdf (0:50,phat(1),phat(2)),"'.-"');

xlabel('Accidents per Day')
ylabel('Cumulative Probability')

© o o
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Example and Plot of the Negative Binomial Distribution

The negative binomial distribution can take on a variety of shapes ranging
from very skewed to nearly symmetric. This example plots the probability
function for different values of r, the desired number of successes: .1, 1, 3, 6.

. 0.10.
plot(x nbinpdf(x,.1,
X,nbinpdf (
X,nbinpdf (
X,nbinpdf (
legend({'r = .1

xlabel('x")
ylabel('f(x|r,p")

- X X X X
_o’w_l.
II(J'I(J'I(J'I

reod

f(xIr,p)

Normal Distribution
The following sections provide an overview of the normal distribution.

Background of the Normal Distribution

The normal distribution is a two parameter family of curves. The first
parameter, i, is the mean. The second, o, is the standard deviation. The
standard normal distribution (written ®(x)) sets pto 0 and o to 1.
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®(x) is functionally related to the error function, erf.

erf(x) = 20(x42) -1

The first use of the normal distribution was as a continuous approximation to
the binomial.

The usual justification for using the normal distribution for modeling is the
Central Limit Theorem, which states (roughly) that the sum of independent
samples from any distribution with finite mean and variance converges to the
normal distribution as the sample size goes to infinity.

Definition of the Normal Distribution
The normal pdfis

2

—(x—p)

16202

y = fx|p,0) = oy

Parameter Estimation for the Normal Distribution

To use statistical parameters such as mean and standard deviation reliably,
you need to have a good estimator for them. The maximum likelihood estimates
(MLESs) provide one such estimator. However, an MLE might be biased, which
means that its expected value of the parameter might not equal the parameter
being estimated. For example, an MLE is biased for estimating the variance of
a normal distribution. An unbiased estimator that is commonly used to
estimate the parameters of the normal distribution is the minimum variance
unbiased estimator (MVUE). The MVUE has the minimum variance of all
unbiased estimators of a parameter.

The MVUEs of parameters p and o2 for the normal distribution are the sample
average and variance. The sample average is also the MLE for p. The following
are two common formulas for the variance.

2_1 2
1) s —nZ(xi X)
=1

12
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2) 2:%2 %)

where

n
-_ x'
-2
i=1

2

Equation 1 is the maximum likelihood estimator for 6“, and equation 2 is the

MVUE.

As an example, suppose you want to estimate the mean, p, and the variance,
o2, of the heights of all 4th grade children in the United States.The function
normfit returns the MVUE for p, the square root of the MVUE for o2, and
confidence intervals for u and o?. Here is a playful example modeling the
heights in inches of a randomly chosen 4th grade class.

height = normrnd(50,2,30,1); % Simulate heights.
[mu,s,muci,sci] = normfit(height)

mu =
50.2025

1.7946

muci =
49.5210
50.8841

sci =
1.4292
2.4125

Note that s*2 is the MVUE of the variance.
s*2

ans =
3.2206
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Example and Plot of the Normal Distribution
The plot shows the bell curve of the standard normal pdf, with u =0 and ¢ = 1.
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Poisson Distribution
The following sections provide an overview of the Poisson distribution.

Background of the Poisson Distribution

The Poisson distribution is appropriate for applications that involve counting
the number of times a random event occurs in a given amount of time, distance,
area, etc. Sample applications that involve Poisson distributions include the
number of Geiger counter clicks per second, the number of people walking into
a store in an hour, and the number of flaws per 1000 feet of video tape.

The Poisson distribution is a one parameter discrete distribution that takes
nonnegative integer values. The parameter, A, is both the mean and the
variance of the distribution. Thus, as the size of the numbers in a particular
sample of Poisson random numbers gets larger, so does the variability of the
numbers.

As Poisson (1837) showed, the Poisson distribution is the limiting case of a
binomial distribution where N approaches infinity and p goes to zero while
Np =

The Poisson and exponential distributions are related. If the number of counts
follows the Poisson distribution, then the interval between individual counts
follows the exponential distribution.
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Definition of the Poisson Distribution
The Poisson pdfis

T

y = flx|h) = %97 Tio,1,.. (%)

Parameter Estimation for the Poisson Distribution

The MLE and the MVUE of the Poisson parameter, A, is the sample mean. The
sum of independent Poisson random variables is also Poisson distributed with
the parameter equal to the sum of the individual parameters. The Statistics
Toolbox makes use of this fact to calculate confidence intervals on L. As A gets
large the Poisson distribution can be approximated by a normal distribution
with p = A and o2 = L. The Statistics Toolbox uses this approximation for
calculating confidence intervals for values of A greater than 100.

Example and Plot of the Poisson Distribution

The plot shows the probability for each nonnegative integer when A = 5.
X = 0:15;
y = poisspdf(x,5);
plot(x,y, '+")
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Rayleigh Distribution

The following sections provide an overview of the Rayleigh distribution.

Background of the Rayleigh Distribution

The Rayleigh distribution is a special case of the Weibull distribution. If A and
B are the parameters of the Weibull distribution, then the Rayleigh
distribution with paran%eter b is equivalent to the Weibull distribution with
parameters A = 1/(2b”) and B = 2.

If the component velocities of a particle in the x and y directions are two
independent normal random variables with zero means and equal variances,
then the distance the particle travels per unit time is distributed Rayleigh.

Definition of the Rayleigh Distribution
The Rayleigh pdfis

2
—X

072
y = flxlb) = e
b

Parameter Estimation for the Rayleigh Distribution

The raylfit function returns the MLE of the Rayleigh parameter. This
estimate is

Example and Plot of the Rayleigh Distribution
The following commands generate a plot of the Rayleigh pdf.

X = [0:0.01:2];
p = raylpdf(x,0.5);
plot(x,p)
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Student’s t Distribution

The following sections provide an overview of Student’s t distribution.

Background of Student’s t Distribution

The t distribution is a family of curves depending on a single parameter v (the
degrees of freedom). As v goes to infinity, the t distribution converges to the
standard normal distribution.

W. S. Gossett (1908) discovered the distribution through his work at the
Guinness brewery. At that time, Guinness did not allow its staff to publish, so
Gossett used the pseudonym Student.

If x and s are the mean and standard deviation of an independent random
sample of size n from a normal distribution with mean p and o2 = n, then

_X-u
Hv) = =
v=n-1

Definition of Student’s t Distribution

Student’s t pdfis
v+1
flx|v) .,
y = flx|v) = —
r(! Jvm vid
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where I'( - ) is the Gamma function.

Example and Plot of Student’s t Distribution

The plot compares the t distribution with v = 5 (solid line) to the shorter tailed,
standard normal distribution (dashed line).

X = -5:0.1:5;
y = tpdf(x,5);
z = normpdf(x,0,1);
plOt(Xsysl'laxazsl"l)
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Noncentral t Distribution

The following sections provide an overview of the noncentral t distribution.

Background of the Noncentral t Distribution

The noncentral t distribution is a generalization of the familiar Student’s t
distribution.

If x and s are the mean and standard deviation of an independent random
sample of size n from a normal distribution with mean p and o2 = n, then

=558

v=n-1

Suppose that the mean of the normal distribution is not p. Then the ratio has
the noncentral t distribution. The noncentrality parameter is the difference
between the sample mean and p.
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The noncentral t distribution enables you to determine the probability of
detecting a difference between x and p in a t test. This probability is the power
of the test. As x-u increases, the power of a test also increases.

Definition of the Noncentral t Distribution

The most general representation of the noncentral t distribution is quite
complicated. Johnson and Kotz (1970) give a formula for the probability that a
noncentral t variate falls in the range [-t, t].

0 (152)j 52

2 2 x2 1 .v

Pr((-t)<x<t|(v,0)) = Z ——e =+, =
212 2

— J! v+ax
=

I(x|a,b) is the incomplete beta function with parameters a and b, § is the
noncentrality parameter, and v is the degrees of freedom.

Example and Plot of the Noncentral t Distribution
The following commands generate a plot of the noncentral t pdf.
X = (-5:0.1:5)"';
p1 = nctecdf(x,10,1);
p = tcdf(x,10);
plOt(Xsps R sxsp1 ’ ' I)

08¢ /
06 /
0.4r}

0.2}
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Uniform (Continuous) Distribution
The following sections provide an overview of the uniform distribution.

Background of the Uniform Distribution

The uniform distribution (also called rectangular) has a constant pdf between
its two parameters a (the minimum) and & (the maximum). The standard
uniform distribution (¢ = 0 and b = 1) is a special case of the beta distribution,
obtained by setting both of its parameters to 1.

The uniform distribution is appropriate for representing the distribution of
round-off errors in values tabulated to a particular number of decimal places.

Definition of the Uniform Distribution
The uniform cdfis

p = F(xla,b) = 7=I 1 4)(x)

Parameter Estimation for the Uniform Distribution
The sample minimum and maximum are the MLEs of @ and b respectively.

Example and Plot of the Uniform Distribution
The example illustrates the inversion method for generating normal random

numbers using rand and norminv. Note that the MATLAB function, randn,
does not use inversion since it is not efficient for this case.

u = rand(1000,1);

X = norminv(u,0,1);
hist(x)



Overview of the Distributions

300

200 |

100 1 H

L T

-4 -2 0 2 4

Weibull Distribution

The following sections provide an overview of the Weibull distribution.

Background of the Weibull Distribution

Waloddi Weibull (1939) offered the distribution that bears his name as an
appropriate analytical tool for modeling the breaking strength of materials.
Current usage also includes reliability and lifetime modeling. The Weibull
distribution is more flexible than the exponential for these purposes.

To see why, consider the hazard rate function (instantaneous failure rate). If
f(t) and F(¢) are the pdf and cdf of a distribution, then the hazard rate is

__f®
MO = "Fo

Substituting the pdf and cdf of the exponential distribution for f{z) and F(¢)
above yields a constant. The example below shows that the hazard rate for the
Weibull distribution can vary.

Definition of the Weibull Distribution
The Weibull pdfis

b
X

y = f(x|a,b) = ba Px® le ¢ 10, o0)(®)
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Parameter Estimation for the Weibull Distribution

Suppose you want to model the tensile strength of a thin filament using the
Weibull distribution. The function wb1fit gives maximum likelihood estimates
and confidence intervals for the Weibull parameters.

strength = wblrnd(0.5,2,100,1); % Simulated strengths.
[p,ci] = wblfit(strength)

p:
0.4715 1.9811

ci =

0.4248 1.7067
0.5233 2.2996

The default 95% confidence interval for each parameter contains the true
value.

Example and Plot of the Weibull Distribution

The exponential distribution has a constant hazard function, which is not
generally the case for the Weibull distribution.

The plot shows the hazard functions for exponential (dashed line) and Weibull
(solid line) distributions having the same mean life. The Weibull hazard rate
here increases with age (a reasonable assumption).

t =0:0.1:4.5;

h1 = exppdf(t,0.6267) ./ (1-expcdf(t,0.6267));
h2 = wblpdf(t,2,2) ./ (1-wblcdf(t,2,2));
plot(t,h1,'--',t,h2,'-")
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Descriptive Statistics

Measures of Central Tendency Describes how to calculate measures of central tendency,

(Location) (p. 3-2) such as mean and median.

Measures of Dispersion (p. 3-4) Describes how to calculate measures of dispersion, such
as variance and standard deviation.

Functions for Data with Missing Describes tools for analyzing data that has missing

Values (NaNs) (p. 3-6) values

Function for Grouped Data (p. 3-8) Explains how to use the grpstats function to group

subsets of data in order to analyze them.

Percentiles and Graphical Descriptions Describes how to analyze and estimate data distributions
(p. 3-10) empirically.

The Bootstrap (p. 3-17) Describes how to implement the bootstrap procedure.



3 Descriptive Statistics

Measures of Central Tendency (Location)

The purpose of measures of central tendency is to locate the data values on the
number line. Another term for these statistics is measures of location.

The table gives the function names and descriptions.

Measures of Location

geomean Geometric mean

harmmean Harmonic mean

mean Arithmetic average (in MATLAB)
median 50th percentile (in MATLAB)
trimmean Trimmed mean

The average is a simple and popular estimate of location. If the data sample

comes from a normal distribution, then the sample average is also optimal
(MVUE of ).

Unfortunately, outliers, data entry errors, or glitches exist in almost all real
data. The sample average is sensitive to these problems. One bad data value
can move the average away from the center of the rest of the data by an
arbitrarily large distance.

The median and trimmed mean are two measures that are resistant (robust) to
outliers. The median is the 50th percentile of the sample, which will only
change slightly if you add a large perturbation to any value. The idea behind
the trimmed mean is to ignore a small percentage of the highest and lowest
values of a sample when determining the center of the sample.

The geometric mean and harmonic mean, like the average, are not robust to
outliers. They are useful when the sample is distributed lognormal or heavily
skewed.
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Measures of Central Tendency (Location)

The following example shows the behavior of the measures of location for a
sample with one outlier.

X = [ones(1,6) 100]

X:
1 1 1 1 1 1 100
locate = [geomean(x) harmmean(x) mean(x) median(x)...
trimmean(x,25)]
locate =

1.9307 1.1647 15.1429 1.0000 1.0000

You can see that the mean is far from any data value because of the influence
of the outlier. The median and trimmed mean ignore the outlying value and
describe the location of the rest of the data values.
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Measures of Dispersion

The purpose of measures of dispersion is to find out how spread out the data
values are on the number line. Another term for these statistics is measures of
spread.

The table gives the function names and descriptions.

Measures of Dispersion

igr Interquartile Range

mad Mean Absolute Deviation

range Range

std Standard deviation (in MATLAB)
var Variance (in MATLAB)

The range (the difference between the maximum and minimum values) is the
simplest measure of spread. But if there is an outlier in the data, it will be the
minimum or maximum value. Thus, the range is not robust to outliers.

The standard deviation and the variance are popular measures of spread that
are optimal for normally distributed samples. The sample variance is the
MVUE of the normal parameter o2. The standard deviation is the square root
of the variance and has the desirable property of being in the same units as the
data. That is, if the data is in meters, the standard deviation is in meters as
well. The variance is in meters2, which is more difficult to interpret.

Neither the standard deviation nor the variance is robust to outliers. A data
value that is separate from the body of the data can increase the value of the
statistics by an arbitrarily large amount.

The Mean Absolute Deviation (MAD) is also sensitive to outliers. But the MAD
does not move quite as much as the standard deviation or variance in response
to bad data.

The Interquartile Range (IQR) is the difference between the 75th and 25th
percentile of the data. Since only the middle 50% of the data affects this
measure, it is robust to outliers.



Measures of Dispersion

The following example shows the behavior of the measures of dispersion for a
sample with one outlier.

X = [ones(1,6) 100]

X =
1 1 1 1 1 1 100

stats = [iqr(x) mad(x) range(x) std(x)]

stats =
0 24,2449 99.0000 37.4185
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Functions for Data with Missing Values (NaNs)

Most real-world data sets have one or more missing elements. It is convenient
to code missing entries in a matrix as NaN (Not a Number).

Here is a simple example.

m = magic(3);
m([1 5]) = [NaN NaN]

m =
NaN 1 6
3 NaN 7
4 9 2

Any arithmetic operation that involves the missing values in this matrix yields
NaN, as below.

sum(m)

ans =
NaN NaN 15

Removing cells with NaN would destroy the matrix structure. Removing whole
rows that contain NaN would discard real data. Instead, the Statistics Toolbox
has a variety of functions that are similar to other MATLAB functions, but that
treat NaN values as missing and therefore ignore them in the calculations.

nansum(m)

ans =
7 10 13

NaN Functions

nanmax Maximum ignoring NaNs
nanmean Mean ignoring NaNs
nanmedian Median ignoring NaNs
nanmin Minimum ignoring NaNs
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Functions for Data with Missing Values ([NaNs)

NaN Functions

nanstd Standard deviation ignoring NaNs

nansum Sum ignoring NaNs

In addition, other Statistics Toolbox functions operate only on the numeric
values, ignoring NaNs. These include iqr, kurtosis, mad, prctile, range,
skewness, and trimmean.
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Function for Grouped Data

As you saw in the previous section, the descriptive statistics functions can
compute statistics on each column in a matrix. Sometimes, however, you may
have your data arranged differently so that measurements appear in one
column or variable, and a grouping code appears in a second column or
variable. Although the MATLAB syntax makes it simple to apply functions to
a subset of an array, in this case it is simpler to use the grpstats function.

The grpstats function can compute the mean, standard error of the mean, and
count (number of observations) for each group defined by one or more grouping
variables. If you supply a significance level, it also creates a graph of the group
means with confidence intervals.

As an example, load the larger car data set. You can look at the average value
of MPG (miles per gallon) for cars grouped by org (location of the origin of the
car).

load carbig
grpstats(MPG,org,0.05)
ans =

20.084

27.891

30.451

Means and Confidence Intervals for Each Group
32

301 1

281 1

261 1

Mean

221 1

A |

18

USA Europe Japan
Group



Function for Grouped Data

You can also get the complete set of statistics for MPG grouped by three

variables: org, cyl4 (the engine has four cylinders or not), and when (when the

car was made).

[my,s,c,n] = grpstats(MPG,{org cyl4 when});

[n num2cell([m s c])]

ans =

'"USA'
'"USA'
'"USA'
'"USA'
'"USA'
'"USA'
"Europe’
"Europe’
"Europe’
"Europe’
"Europe’
'Japan'
'Japan'
'Japan'
'Japan'
'Japan'
'Japan'

'Other'
'Other’
'Other'
"Four'
"Four'
'"Four'
'Other'
'Other!’
"Four'
"Four'
"Four'
'Other'
‘Other'
'Other'
'"Four'
"Four'
"Four'

'"Early'’
‘Mid'
'Late’
'"Early'
‘Mid'
'Late’
'Mid'
'Late’
'"Early'’
'Mid'
'Late’
'"Early'’
'Mid'
'Late’
'"Early'’
'Mid'
'Late’

[14.896]
[17.479]
[21.536]
[23.333]
[27.027]
[29.734]
[ 17.5]
[30.833]
[24.714]
[26.912]
[ 85.7]
[ 19]
[20.833]
[ 26.5]
[26.083]
[ 29.5]
[ 385.3]

[0.33306]
[0.30225]
[0.97961]
[0.87328]
[0.75456]
[0.71126]
[ 0.9478]
[ 3.1761]
[0.73076]
[ 1.0116]
[ 1.4265]
[0.57735]
[0.92796]
[ 2.0972]
[ 1.1772]
[0.86547]
[0.68346]

[77]
[75]
[25]
[12]
[22]
[38]
[ 4]
[ 3]
[21]
[26]
[16]
[ 3]
[ 3]
[ 4]
[12]
[25]
[32]
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Percentiles and Graphical Descriptions

Trying to describe a data sample with two numbers, a measure of location and
a measure of spread, is frugal but may be misleading. Here are some other
approaches:

e “Percentiles” on page 3-10
® “Probability Density Estimation” on page 3-12
¢ “Empirical Cumulative Distribution Function” on page 3-15

Percentiles

Another option is to compute a reasonable number of the sample percentiles.
This provides information about the shape of the data as well as its location
and spread.

The example shows the result of looking at every quartile of a sample
containing a mixture of two distributions.

X = [normrnd(4,1,1,100) normrnd(6,0.5,1,200)];
p = 100*(0:0.25:1);

y = prctile(x,p);

z = [p;y]

Z -

0 25.0000 50.0000 75.0000 100.0000
1.5172 4.6842 5.6706 6.1804 7.6035

Compare the first two quantiles to the rest.

The box plot is a graph for descriptive statistics. The following graph is a box
plot of the preceding data.

boxplot(x)
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Percentiles and Graphical Descriptions

[y R

Column Number
The long lower tail and plus signs show the lack of symmetry in the sample
values. For more information on box plots, see “Statistical Plots” on page 8-1.
The histogram is a complementary graph.
hist(x)
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Probability Density Estimation

You can also describe a data sample by estimating its density in a
nonparametric way. The ksdensity function does this by using a kernel
smoothing function and an associated bandwidth to estimate the density.

This example uses the carsmall data set to estimate the probability density of
the MPG (miles per gallon) measurements for 94 cars. It uses the default
kernel function, a normal distribution, and its default bandwidth.

cars = load('carsmall','MPG', 'Origin');
MPG = cars.MPG;

Origin = cars.Origin;

[f,x] = ksdensity(MPG);

plot(x,f);

title('Density estimate for MPG')

Density estimate for MPG
0.04 T T T

0.035
0.03
0.025
0.02
0.015
0.01

0.005

60

Kernel Bandwidth

The choice of kernel bandwidth controls the smoothness of the probability
density curve. The following graph shows the density estimate for the same
mileage data using different bandwidths. The default bandwidth is in blue and
looks like the preceding graph. Estimates for smaller and larger bandwidths
are in red and green.
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The first call to ksdensity returns the default bandwidth, u, of the kernel
smoothing function. Subsequent calls modify this bandwidth.

[f,x,u] = ksdensity(MPG);

plot(x,T)

title('Density estimate for MPG')

hold on

[f,x] = ksdensity(MPG, 'width',u/3);
plot(x,f,'r');

[f,x] = ksdensity(MPG, 'width',u*3);
plot(x,f,"'g");

legend('default width','1/3 default', '3*default')
hold off

Density estimate for MPG
0.06 T T T T

T T

— default width

— 1/3 default
3*default

0.051

0.04

0.03

0.02} Y

0.011

The default bandwidth seems to be doing a good job — reasonably smooth, but
not so smooth as to obscure features of the data. This bandwidth is the one that
is theoretically optimal for estimating densities for the normal distribution.

The green curve shows a density with the kernel bandwidth set too high. This
curve smooths out the data so much that the end result looks just like the

kernel function. The red curve has a smaller bandwidth and is rougher-looking
than the blue curve. It may be too rough, but it does provide an indication that
there might be two major peaks rather than the single peak of the blue curve.
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A reasonable choice of width might lead to a curve that is intermediate between
the red and blue curves.

Kernel Smoothing Function

You can also specify a kernel function by supplying either the function name or
a function handle. The four preselected functions, 'normal', 'epanechnikov',
'box', and 'triangle', are all scaled to have standard deviation equal to 1, so
they perform a comparable degree of smoothing.

Using default bandwidths, you can now plot the same mileage data, using each
of the available kernel functions.

hname = {'normal' 'epanechnikov' 'box' 'triangle'};

hold on;

colors = {'r' 'b' 'g' 'm'};

for j=1:4
[f,x] = ksdensity(MPG, 'kernel',,hname{j});
plot(x,f,colors{j});

end

legend(hname{:});

hold off

0.051

— normal

— epanechinikov
0.0451 box

— triangle

60

The density estimates are roughly comparable, but the box kernel produces a
density that is rougher than the others.
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Usefulness of Smooth Density Estimates

In addition to the aesthetic appeal of the smooth density estimate, there are
other appeals as well. While it is difficult to overlay two histograms to compare
them, you can easily overlay smooth density estimates. For example, the
following graph shows the MPG distributions for cars from different countries
of origin.

Density estimates for MPG by Origin
0.12 T .

T
— USA
— Japan
Europe

0.1-

0.06

0.04-
0.02- \
| | IR AN
10 20 30 40

0

50

Empirical Cumulative Distribution Function

The ksdensity function described in the last section produces an empirical
version of a probability density function (pdf). That is, instead of selecting a
density with a particular parametric form and estimating the parameters, it
produces a nonparametric density estimate that tries to adapt itself to the
data.

Similarly, it is possible to produce an empirical version of the cumulative
distribution function (cdf). The ecdf function computes this empirical cdf. It
returns the values of a function F' such that F(x) represents the proportion of
observations in a sample less than or equal to x .

The idea behind the empirical cdf is simple. It is a function that assigns
probability 1/n to each of n observations in a sample. Its graph has a
stair-step appearance. If a sample comes from a distribution in a parametric
family (such as a normal distribution), its empirical cdfis likely to resemble the
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parametric distribution. If not, its empirical distribution still gives an estimate
of the cdf for the distribution that generated the data.

The following example generates 20 observations from a normal distribution
with mean 10 and standard deviation 2. You can use ecdf to calculate the
empirical cdf and stairs to plot it. Then you overlay the normal distribution
curve on the empirical function.

X = normrnd(10,2,20,1);[f,xf] = ecdf(x);
stairs(xf,f)

xx=linspace(5,15,100);

yy = normcdf (xx,10,2);

hold on; plot(xx,yy,'r:'); hold off
legend('Empirical cdf', 'Normal cdf',2)

—— Empirical cdf
0.9 Normal cdf

0.8

0.7-

0.6

0.5f

0.4

5 10 15

The empirical cdf is especially useful in survival analysis applications. In such
applications the data may be censored, that is, not observed exactly. Some
individuals may fail during a study, and you can observe their failure time
exactly. Other individuals may drop out of the study, or may not fail until after
the study is complete. The ecdf function has arguments for dealing with
censored data.
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The Boofstrap

The Bootstrap

In recent years the statistical literature has examined the properties of
resampling as a means to acquire information about the uncertainty of
statistical estimators.

The bootstrap is a procedure that involves choosing random samples with
replacement from a data set and analyzing each sample the same way.
Sampling with replacement means that every sample is returned to the data set
after sampling. So a particular data point from the original data set could
appear multiple times in a given bootstrap sample. The number of elements in
each bootstrap sample equals the number of elements in the original data set.
The range of sample estimates you obtain enables you to establish the
uncertainty of the quantity you are estimating.

Here is an example taken from Efron and Tibshirani (1993) comparing Law
School Admission Test (LSAT) scores and subsequent law school grade point
average (GPA) for a sample of 15 law schools.

load lawdata
plot(lsat,gpa,'+"')
1sline

35

34r T

3.3r +

3.2r

3.1r

3+ +

2.9r

2.8r *

+
+

27 . . . . . .
540 560 580 600 620 640 660 680

The least squares fit line indicates that higher LSAT scores go with higher law
school GPAs. But how certain is this conclusion? The plot provides some
intuition, but nothing quantitative.
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You can calculate the correlation coefficient of the variables using the corrcoef
function.

rhohat = corrcoef(lsat,gpa)

rhohat

1.0000 0.7764
0.7764 1.0000

Now you have a number, 0.7764, describing the positive connection between
LSAT and GPA, but though 0.7764 may seem large, you still do not know if it
is statistically significant.

Using the bootstrp function you can resample the 1sat and gpa vectors as
many times as you like and consider the variation in the resulting correlation
coefficients.

Here is an example.

rhos1000 = bootstrp(1000, 'corrcoef',lsat,gpa);

This command resamples the 1sat and gpa vectors 1000 times and computes
the corrcoef function on each sample. Here is a histogram of the result.

hist(rhos1000(:,2),30)
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Nearly all the estimates lie on the interval [0.4 1.0].

This is strong quantitative evidence that LSAT and subsequent GPA are
positively correlated. Moreover, this evidence does not require any strong
assumptions about the probability distribution of the correlation coefficient.
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Linear Models

Introduction (p. 4-2)

One-Way Analysis of Variance
(ANOVA) (p. 4-3)

Two-Way Analysis of Variance
(ANOVA) (p. 4-8)

N-Way Analysis of Variance (p. 4-11)

ANOVA with Random Effects (p. 4-18)

Analysis of Covariance (p. 4-25)
Multiple Linear Regression (p. 4-33)

Quadratic Response Surface Models
(p. 4-42)

Stepwise Regression (p. 4-45)

Generalized Linear Models (p. 4-50)

Robust and Nonparametric Methods
(p. 4-55)

Introduces the concept of a linear model.

Describes how to perform one-way analysis of variance.

Describes how to perform two-way analysis of variance.

Describes how to perform analysis of variance with more
than two factors.

Describes how to perform analysis of variance with
random effects.

Describes how to perform analysis of covariance.
Describes how to perform multiple linear regression.

Describes how to analyze quadratic response surface
models.

Describes an interactive tool for performing stepwise
regression.

Describes how to analyze generalized linear models.

Describes robust and nonparametric methods.
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Introduction

Linear models represent the relationship between a continuous response
variable and one or more predictor variables (either continuous or categorical)
in the form

y=Xp+e
where:

® y is an n-by-1 vector of observations of the response variable.
® X is the n-by-p design matrix determined by the predictors.
® 3 is a p-by-1 vector of parameters.

® ¢ is an n-by-1 vector of random disturbances, independent of each other and
usually having a normal distribution.

MATLAB uses this general form of the linear model to solve a variety of specific
regression and analysis of variance (ANOVA) problems. For example, for
polynomial and multiple regression problems, the columns of X are predictor
variable values or powers of such values. For one-way, two-way, and
higher-way ANOVA models, the columns of X are dummy (or indicator)
variables that encode the predictor categories. For analysis of covariance
(ANOCOVA) models, X contains values of a continuous predictor and codes for
a categorical predictor.

Note See Chapter 5, “Nonlinear Regression Models” for information on
fitting nonlinear models.




One-Way Analysis of Variance (ANOVA)

One-Way Analysis of Variance (ANOVA)

The purpose of one-way ANOVA is to find out whether data from several
groups have a common mean. That is, to determine whether the groups are
actually different in the measured characteristic.

One-way ANOVA is a simple special case of the linear model. The one-way
ANOVA form of the model is

Yij = 5T e

where:

® y;; is a matrix of observations in which each column represents a different
group.

® a;is a matrix whose columns are the group means. (The “dot j” notation
means that o applies to all rows of the jth column. That is, the value o;; is
the same for all i.)

® g;; is a matrix of random disturbances.

The model assumes that the columns of y are a constant plus a random
disturbance. You want to know if the constants are all the same.

The following sections explore one-way ANOVA in greater detail:
¢ “Example: One-Way ANOVA” on page 4-3

® “Multiple Comparisons” on page 4-5

Example: One-Way ANOVA

The data below comes from a study by Hogg and Ledolter (1987) of bacteria
counts in shipments of milk. The columns of the matrix hogg represent
different shipments. The rows are bacteria counts from cartons of milk chosen
randomly from each shipment. Do some shipments have higher counts than
others?

load hogg
hogg

hogg =
24 14 11 7 19
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15 7 9 7 24
21 12 7 4 19
27 17 13 7 15

33 14 12 12 10
23 16 18 18 20

[p,tbl,stats] = anova1l(hogg);
p

p =
1.1971e-04

The standard ANOVA table has columns for the sums of squares, degrees of
freedom, mean squares (SS/df), F statistic, and p-value.

# Figure No. 1: One-way ANOVA M=l E3
File Edit Toolz “Window Help

ANOVA Table
Source 55 df M5 F Prob:F ;I
Colunns= 203 4 200,75 9.01 0.0001
Error 557 .17 25 22,287
Total 1360.17 29 =l

You can use the F statistic to do a hypothesis test to find out if the bacteria
counts are the same. anoval returns the p-value from this hypothesis test.

In this case the p-value is about 0.0001, a very small value. This is a strong
indication that the bacteria counts from the different tankers are not the same.
An F statistic as extreme as the observed F would occur by chance only once in
10,000 times if the counts were truly equal.

The p-value returned by anovai depends on assumptions about the random
disturbances g;; in the model equation. For the p-value to be correct, these
disturbances need to be independent, normally distributed, and have constant
variance. See “Robust and Nonparametric Methods” on page 4-55 for a

nonparametric function that does not require a normal assumption.



One-Way Analysis of Variance (ANOVA)

You can get some graphical assurance that the means are different by looking
at the box plots in the second figure window displayed by anovai.

sof | ]
15 .
8 20t 1
S5l 4 g N T i
1oy 1 $ Q +
5f ‘ 1 ‘
1 2 3 4 5

Column Number

Multiple Comparisons

Sometimes you need to determine not just whether there are any differences
among the means, but specifically which pairs of means are significantly
different. It is tempting to perform a series of t tests, one for each pair of means,
but this procedure has a pitfall.

In a t test, you compute a t statistic and compare it to a critical value. The
critical value is chosen so that when the means are really the same (any
apparent difference is due to random chance), the probability that the t
statistic will exceed the critical value is small, say 5%. When the means are
different, the probability that the statistic will exceed the critical value is
larger.

In this example there are five means, so there are 10 pairs of means to compare.
It stands to reason that if all the means are the same, and if there is a 5%
chance of incorrectly concluding that there is a difference in one pair, then the
probability of making at least one incorrect conclusion among all 10 pairs is
much larger than 5%.

Fortunately, there are procedures known as multiple comparison procedures
that are designed to compensate for multiple tests.
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Example: Multiple Comparisons

You can perform a multiple comparison test using the multcompare function
and supplying it with the stats output from anovai.

[c,m] = multcompare(stats)
C:
1.0000 2.0000 2.4953 10.5000 18.5047
1.0000 3.0000 4.1619 12.1667 20.1714
1.0000 4.0000 6.6619 14.6667 22.6714
1.0000 5.0000 -2.0047 6.0000 14.0047
2.0000 3.0000 -6.3381 1.6667 9.6714
2.0000 4.0000 -3.8381 4.1667 12.1714
2.0000 5.0000 -12.5047 -4.5000 3.5047
3.0000 4.0000 -5.5047 2.5000 10.5047
3.0000 5.0000 -14.1714 -6.1667 1.8381
4.0000 5.0000 -16.6714 -8.6667 -0.6619
m:
23.8333 1.9273
13.3333 1.9273
11.6667 1.9273
9.1667 1.9273
17.8333 1.9273

The first output from multcompare has one row for each pair of groups, with an
estimate of the difference in group means and a confidence interval for that
group. For example, the second row has the values

1.0000 3.0000 4.1619 12.1667 20.1714

indicating that the mean of group 1 minus the mean of group 3 is estimated to
be 12.1667, and a 95% confidence interval for this difference is

[4.1619, 20.1714]. This interval does not contain 0, so you can conclude that the
means of groups 1 and 3 are different.

The second output contains the mean and its standard error for each group.

It is easier to visualize the difference between group means by looking at the
graph that multcompare produces.
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+ |Figure No. 1: Multiple comparizon of slopes [_ (O] %]
File Edit Miew |nset Tool: Window Help

Deda "A A/ | @20

Click on the group you want to test

1+ —s -
2 _ .
3 _ .

1 1 1 1
5 10 15 20 25 30
3 groups have slopes significantly different from Group 1

The graph shows that group 1 is significantly different from groups 2, 3, and 4.
By using the mouse to select group 4, you can determine that it is also
significantly different from group 5. Other pairs are not significantly different.
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Two-Way Analysis of Variance (ANOVA)

The purpose of two-way ANOVA is to find out whether data from several
groups have a common mean. One-way ANOVA and two-way ANOVA differ in
that the groups in two-way ANOVA have two categories of defining
characteristics instead of one.

Suppose an automobile company has two factories, and each factory makes the
same three models of car. It is reasonable to ask if the gas mileage in the cars
varies from factory to factory as well as from model to model. There are two
predictors, factory and model, to explain differences in mileage.

There could be an overall difference in mileage due to a difference in the
production methods between factories. There is probably a difference in the
mileage of the different models (irrespective of the factory) due to differences
in design specifications. These effects are called additive.

Finally, a factory might make high mileage cars in one model (perhaps because
of a superior production line), but not be different from the other factory for
other models. This effect is called an interaction. It is impossible to detect an
interaction unless there are duplicate observations for some combination of
factory and car model.

Two-way ANOVA is a special case of the linear model. The two-way ANOVA
form of the model is

Yijp = wFo i+ B tyiten

where, with respect to the automobile example above:

® Yijk is a matrix of gas mileage observations (with row index 7, column
index j, and repetition index k).

® 1 is a constant matrix of the overall mean gas mileage.

® o ; is a matrix whose columns are the deviations of each car’s gas mileage
(from the mean gas mileage p ) that are attributable to the car’s model. All
values in a given column of o j are identical, and the values in each row
of o ; sum to 0.

® B3, is a matrix whose rows are the deviations of each car’s gas mileage (from
the mean gas mileage ) that are attributable to the car’s factory. All values
in a given row of f; are identical, and the values in each column of ; sum
to 0.
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® Vi is a matrix of interactions. The values in each row of v; j sum to 0, and the

values in each column of vy, j sum to 0.

® &g is a matrix of random disturbances.

The next section provides an example of a two-way analysis.

Example: Two-Way ANOVA

The purpose of the example is to determine the effect of car model and factory

on the mileage rating of cars.

load mileage

[p,tbl,stats]

mileag

mileag
33.
33.
32.
32.
32.
33.

cars =

p

p:

0.

e
e =

3000
4000
9000
6000
5000
0000

3;

0000

34.
34.
33.
.4000
33.
33.

33

0.

5000
8000
8000

7000
9000

anova2(mileage,cars);

0039

37.
36.
37.
36.
37.
36.

0.

4000
8000
6000
6000
0000
7000

8411

There are three models of cars (columns) and two factories (rows). The reason
there are six rows in mileage instead of two is that each factory provides three
cars of each model for the study. The data from the first factory is in the first
three rows, and the data from the second factory is in the last three rows.

The standard ANOVA table has columns for the sums of squares,
degrees-of-freedom, mean squares (SS/df), F statistics, and p-values.
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# |Figure No. 1: Two-way ANOVA | _ (O] x|
File Edit Tool: ‘window Help

ANOVA Table
Source 55 df M5 F Prob:F ||
Columns= 53,3511 2 26 . 6756 234 .22 1]
Fows 1.445 1 1.445 12.619 0.o0349
Interaction n.o4 2 n.oz2 n.1a 0.8411
Error 1.3667 1z 0n.11349
Total L6.2028 17 LI

You can use the F statistics to do hypotheses tests to find out if the mileage is
the same across models, factories, and model-factory pairs (after adjusting for
the additive effects). anova2 returns the p-value from these tests.

The p-value for the model effect is zero to four decimal places. This is a strong
indication that the mileage varies from one model to another. An F statistic as
extreme as the observed F would occur by chance less than once in 10,000 times
if the gas mileage were truly equal from model to model. If you used the
multcompare function to perform a multiple comparison test, you would find
that each pair of the three models is significantly different.

The p-value for the factory effect is 0.0039, which is also highly significant.
This indicates that one factory is out-performing the other in the gas mileage
of the cars it produces. The observed p-value indicates that an F statistic as
extreme as the observed F would occur by chance about four out of 1000 times
if the gas mileage were truly equal from factory to factory.

There does not appear to be any interaction between factories and models. The
p-value, 0.8411, means that the observed result is quite likely (84 out 100
times) given that there is no interaction.

The p-values returned by anova2 depend on assumptions about the random
disturbances gy in the model equation. For the p-values to be correct these
disturbances need to be independent, normally distributed, and have constant
variance. See “Robust and Nonparametric Methods” on page 4-55 for
nonparametric methods that do not require a normal distribution.

In addition, anova2 requires that data be balanced, which in this case means
there must be the same number of cars for each combination of model and
factory. The next section discusses a function that supports unbalanced data
with any number of predictors.
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N-Way Analysis of Variance

You can use N-way ANOVA to determine if the means in a set of data differ
when grouped by multiple factors. If they do differ, you can determine which
factors or combinations of factors are associated with the difference.

N-way ANOVA is a generalization of two-way ANOVA. For three factors, the
model can be written

Yijkt = W0 £B; v gt (aB)y; +(ar); p T (BY) jr T (@BY);j + 2,5,

In this notation parameters with two subscripts, such as (af);;, represent the
interaction effect of two factors. The parameter (apy);j;, represents the
three-way interaction. An ANOVA model can have the full set of parameters or
any subset, but conventionally it does not include complex interaction terms
unless it also includes all simpler terms for those factors. For example, one
would generally not include the three-way interaction without also including
all two-way interactions.

The anovan function performs N-way ANOVA. Unlike the anovail and anova2
functions, anovan does not expect data in a tabular form. Instead, it expects a
vector of response measurements and a separate vector (or text array)
containing the values corresponding to each factor. This input data format is
more convenient than matrices when there are more than two factors or when
the number of measurements per factor combination is not constant.

The following examples explore anovan in greater detail:

¢ “Example: N-Way ANOVA with Small Data Set” on page 4-11
¢ “Example: N-Way ANOVA with Large Data Set” on page 4-13

Example: N-Way ANOVA with Small Data Set

Consider the following two-way example using anova2.

m = [23 15 20;27 17 63;43 3 55;41 9 90]
m =

23 15 20

27 17 63

43 3 55

41 9 90
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anova2(m,2)

ans =
0.0197 0.2234 0.2663

The factor information is implied by the shape of the matrix m and the number
of measurements at each factor combination (2). Although anova2 does not
actually require arrays of factor values, for illustrative purposes you could
create them as follows.

cfactor = repmat(1:3,4,1)

cfactor =
1 2 3
1 2 3
1 2 3
1 2 3
rfactor = [ones(2,3); 2*ones(2,3)]
rfactor =
1 1 1
1 1 1
2 2 2
2 2 2

The cfactor matrix shows that each column of m represents a different level of
the column factor. The rfactor matrix shows that the top two rows of m
represent one level of the row factor, and bottom two rows of m represent a
second level of the row factor. In other words, each value m(i, j) represents an
observation at column factor level cfactor(i,j) and row factor level
rfactor(i,j).

To solve the above problem with anovan, you need to reshape the matrices m,
cfactor, and rfactor to be vectors.

m=m(:)
cfactor cfactor(:);
rfactor = rfactor(:);

[m cfactor rfactor]
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ans =

23 1 1
27 1 1
43 1 2
41 1 2
15 2 1
17 2 1
3 2 2
9 2 2
20 3 1
63 3 1
55 3 2
90 3 2

anovan(m, {cfactor rfactor},2)
ans =

0.0197
0.2234
0.2663

Example: N-Way ANOVA with Large Data Set

The previous example used anova2 to study a small data set measuring car
mileage. This example illustrates how to analyze a larger set of car data with
mileage and other information on 406 cars made between 1970 and 1982. First,
load the data set and look at the variable names.

load carbig

whos

Name Size Bytes Class
Acceleration 406x1 3248 double array
Cylinders 406x1 3248 double array
Displacement 406x1 3248 double array
Horsepower 406x1 3248 double array
MPG 406x1 3248 double array
Model 406x36 29232 char array
Model_Year 406x1 3248 double array
Origin 406x7 5684 char array
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Weight 406x1 3248 double array
cyl4s 406x5 4060 char array
org 406x7 5684 char array
when 406x5 4060 char array

The example focusses on four variables. MPG is the number of miles per gallon
for each of 406 cars (though some have missing values coded as NaN). The other
three variables are factors: cyl4 (four-cylinder car or not), org (car originated
in Europe, Japan, or the USA), and when (car was built early in the period, in
the middle of the period, or late in the period).

First, fit the full model, requesting up to three-way interactions and Type 3
sums-of-squares.

varnames = {'Origin';'4Cyl';'MfgDate'};

anovan(MPG, {org cyl4 when},3,3,varnames)

ans =
0.0000
NaN
0
0.7032
0.0001
0.2072
0.6990
+ |Figure No. 1: H-Way ANOVA [_ (O] %]
File Edit Miew |nset Tool: Window Help
Analysis of Variance
Source Sum Sqg. d.f. Hean Sg. F Frob:F &
# Origin 416 .8 1 416 .77 29.34 a
# dCyl a a a a Hal
# HMigDate 1112.3 1 111227 78.31 a
# Origin=4Cyl 2.1 1 2.07 0.15 0.7032
# Origin=MfgDate an1.z 3 100.41 7.07 0.0001
# dCyl=MigDate 22.7 1 22 .68 1.6 0.2072
# Origin=4Cyl=HfgDate 20.3 3 6.77 0.48 0.699
Error 5411.18 381 14.2
Total 242582 .6 397 LI
Constrained [Type |11] sums of squares. Terms marked with # are not full rank.

Note that many terms are marked by a “#” symbol as not having full rank, and
one of them has zero degrees of freedom and is missing a p-value. This can
happen when there are missing factor combinations and the model has
higher-order terms. In this case, the cross-tabulation below shows that there
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are no cars made in Europe during the early part of the period with other than
four cylinders, as indicated by the 0 in table(2,1,1).

[table, chi2, p, factorvals] = crosstab(org,when,cyl4)

table(:,:,1) =
82 75 25
0 4 3
3 3 4
table(:,:,2) =

12 22 38
23 26 17
12 25 32

chi2 =
207.7689

p:
0

factorvals =
"USA' 'Early' 'Other'
"Europe’ ‘Mid' "Four'
'Japan’ ‘Late’ [1]

Consequently it is impossible to estimate the three-way interaction effects, and
including the three-way interaction term in the model makes the fit singular.

Using even the limited information available in the ANOVA table, you can see
that the three-way interaction has a p-value of 0.699, so it is not significant. So
this time you examine only two-way interactions.

[p,tbl,stats,termvec] = anovan(MPG, {org cyl4 when},2,3,varnames);
termvec

termvec =
1 0 0
0 1 0
0 0 1
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1 1 0
1 0 1
0 1 1
+ |Figure No. 1: H-Way ANOVA [_ (O] %]
File Edit Miew |nset Tool: Window Help
Analysis of Variance
Source Sum Sqg. d.f. Hean Sg. F Frob:F ;I
Origin £32.6 2 266 .29 18.82 a
4Cyl 1769.8 1 1769.85 125.11 a
MigDate 2887.1 2 1443 .55 102.05 a
Origin®*4Cyl 12.5 2 6.27 0.44 0.6422
Origin*HigDate 350.4 4 87 .59 6.19 0.0001
ACyl=HfgDate 31 2 15.52 1.1 0.33418
Error E432.1 384 14 .15
Total 242582 .6 397 _I
Constrained [Type 1] sums of squares.

Now all terms are estimable. The p-values for interaction term 4
(Origin*4Cyl) and interaction term 6 (4Cyl*MfgDate) are much larger than a
typical cutoff value of 0.05, indicating these terms are not significant. You
could choose to omit these terms and pool their effects into the error term. The
output termvec variable returns a vector of codes, each of which is a bit pattern
representing a term. You can omit terms from the model by deleting their
entries from termvec and running anovan again, this time supplying the
resulting vector as the model argument.

termvec([4 6]1,:) = []

termvec =
1 0 0
0 1 0
0 0 1
1 0 1

anovan (MPG, {org cyl4 when},termvec,3,varnames)
ans =

1.0e-003 *
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0.0000
0
0
0.1140

+ |Figure No. 2: H-Way ANOVA [_ (O] %]
File Edit Miew |nset Tool: Window Help

Analysis of Variance

Source Sum Sqg. d.f. Hean Sg. F Frob:F ;I
Origin 686.7 2 343 .36 2434 a

4Cyl 4206.2 1 4206.17 298 .19 a

MigDate 3590.7 2 179534 127 .28 a
Origin*HigDate 336.18 4 84.19 5.97 0.0001

Error 5473 388 14.11

Total 242582 .6 397

[ |

Constrained [Type 1] sums of squares.

Now you have a more parsimonious model indicating that the mileage of these
cars seems to be related to all three factors, and that the effect of the
manufacturing date depends on where the car was made.
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ANOVA with Random Effects

In an ordinary ANOVA model, each grouping variable represents a fixed factor.
The levels of that factor are a fixed set of values. Your goal is to determine
whether different factor levels lead to different response values. This section
presents an example that shows how to use anovan to fit models where a
factor's levels represent a random selection from a larger (infinite) set of
possible levels.

This section covers the following topics:

® “Setting Up the Model” on page 4-18
¢ “Fitting a Random Effects Model” on page 4-19
® “F Statistics for Models with Random Effects” on page 4-20

® “Variance Components” on page 4-22

Setting Up the Model

To set up the example, first load the data, which is stored in a 6-by-3 matrix,
mileage.

load mileage
The anova2 function works only with balanced data, and it infers the values of
the grouping variables from the row and column numbers of the input matrix.
The anovan function, on the other hand, requires you to explicitly create

vectors of grouping variable values. To create these vectors, do the following
steps:

1 Create an array indicating the factory for each value in mileage. This array
is 1 for the first column, 2 for the second, and 3 for the third.
factory = repmat(1:3,6,1);

2 Create an array indicating the car model for each mileage value. This array
is 1 for the first three rows of mileage, and 2 for the remaining three rows.

carmod = [ones(3,3); 2*ones(3,3)];

3 Turn these matrices into vectors and display them.
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mileage mileage(:);
factory = factory(:);
carmod = carmod(:);
[mileage factory carmod]

ans =
33.3000 1.0000 1.0000
33.4000 1.0000 1.0000
32.9000 1.0000 1.0000
32.6000 1.0000 2.0000
32.5000 1.0000 2.0000
33.0000 1.0000 2.0000
34.5000 2.0000 1.0000
34.8000 2.0000 1.0000
33.8000 2.0000 1.0000
33.4000 2.0000 2.0000
33.7000 2.0000 2.0000
33.9000 2.0000 2.0000
37.4000 3.0000 1.0000
36.8000 3.0000 1.0000
37.6000 3.0000 1.0000
36.6000 3.0000 2.0000
37.0000 3.0000 2.0000
36.7000 3.0000 2.0000

Fitting a Random Effects Model

Continuing the example from the preceding section, suppose you are studying
a few factories but you want information about what would happen if you build
these same car models in a different factory — either one that you already have
or another that you might construct. To get this information, fit the analysis of
variance model, specifying a model that includes an interaction term and that
the factory factor is random.

[pvals,tbl,stats] = anovan(mileage, {factory carmod},
‘model',2, 'random',1,'varnames',{'Factory' 'Car Model'});
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Analysis of Variance

Source Sum Sq. d.f. Hean Sg. F Frob:F ;I
Factory 53,3511 2 26 . 6756 1333.7%8 o.oo0a07
Car Hodel 1.445 1 1.445 72.25 0.0136
Factory=Car Hodel 0.04 2 n.oz2 n.1s 0.8411
Error 1.3667 12 0.1139
Total Ee. 2028 17

[

Constrained [Type (1] sums of squares.

In the fixed effects version of this fit, which you get by omitting the inputs
‘random', 1 in the preceding code, the effect of car model is significant, with a
p-value of 0.0039. But in this example, which takes into account the random
variation of the effect of the variable 'Car Model' from one factory to another,
the effect is still significant, but with a higher p-value of 0.0136.

F Statistics for Models with Random Effects

The F statistic in a model having random effects is defined differently than in
a model having all fixed effects. In the fixed effects model, you compute the F
statistic for any term by taking the ratio of the mean square for that term with
the mean square for error. In a random effects model, however, some F
statistics use a different mean square in the denominator.

In the example described in “Setting Up the Model” on page 4-18, the effect of
the variable 'Factory' could vary across car models. In this case, the
interaction mean square takes the place of the error mean square in the F
statistic. The F statistic for factory is

F =1.445 / 0.02
F =

72.2500
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The degrees of freedom for the statistic are the degrees of freedom for the
numerator (1) and denominator (2) mean squares. Therefore the p-value for the
statistic is

pval = 1 - fcdf(F,1,2)
pval =
0.0136

With random effects, the expected value of each mean square depends not only
on the variance of the error term, but also on the variances contributed by the
random effects. You can see these dependencies by writing the expected values
as linear combinations of contributions from the various model terms. To find
the coefficients of these linear combinations, enter stats.ems, which returns
the ems field of the stats structure.

stats.ems
ans =

6.0000 0.0000 3.0000 1.0000
0.0000 9.0000 3.0000 1.0000
0.0000 0.0000 3.0000 1.0000

0 0 0 1.0000

To see text representations of the linear combinations, enter

stats.txtems
ans =

'6*V(Factory)+3*V(Factory*Car Model)+V(Error)'
'9*Q(Car Model)+3*V(Factory*Car Model)+V(Error)'
'3*V(Factory*Car Model)+V(Error)'

'"V(Error)'

The expected value for the mean square due to car model (second term)
includes contributions from a quadratic function of the car model effects, plus
three times the variance of the interaction term's effect, plus the variance of the
error term. Notice that if the car model effects were all zero, the expression
would reduce to the expected mean square for the third term (the interaction
term). That is why the F statistic for the car model effect uses the interaction
mean square in the denominator.
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In some cases there is no single term whose expected value matches the one
required for the denominator of the F statistic. In that case, the denominator
is a linear combination of mean squares. The stats structure contains fields
giving the definitions of the denominators for each F statistic. The txtdenom
field, stats.txtdenom, gives a text representation, and the denom field gives a
matrix that defines a linear combination of the variances of terms in the model.
For balanced models like this one, the denom matrix, stats.denom, contains
zeros and ones, because the denominator is just a single term's mean square.

stats.txtdenom
ans =

'MS (Factory*Car Model)'
'MS (Factory*Car Model)'
'MS(Error)'

stats.denom
ans =

-0.0000 1.0000 0.0000
0.0000 1.0000 -0.0000
0.0000 0 1.0000

Variance Components

For the model described in “Setting Up the Model” on page 4-18, consider the
mileage for a particular car of a particular model made at a random factory.
The variance of that car is the sum of components, or contributions, one from
each of the random terms.

stats.rtnames
ans =

'Factory'
'Factory*Car Model'
"Error'

You do not know those variances, but you can estimate them from the data.
Recall that the ems field of the stats structure expresses the expected value of
each term's mean square as a linear combination of unknown variances for
random terms, and unknown quadratic forms for fixed terms. If you take the
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expected mean square expressions for the random terms, and equate those
expected values to the computed mean squares, you get a system of equations
that you can solve for the unknown variances. These solutions are the variance
component estimates. The varest field contains a variance component
estimate for each term. The rtnames field contains the names of the random
terms.

stats.varest
ans =

4.4426
-0.0313
0.1139

Under some conditions, the variability attributed to a term is unusually low,
and that term's variance component estimate is negative. In those cases it is
common to set the estimate to zero, which you might do, for example, to create
a bar graph of the components.

bar(max(0,stats.varest))
set(gca, 'xtick',1:3, 'xticklabel',stats.rtnames)
bar(max(0,stats.varest))
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. I
Factory Factory*Car Model Error

You can also compute confidence bounds for the variance estimate. The anovan
function does this by computing confidence bounds for the variance expected
mean squares, and finding lower and upper limits on each variance component
containing all of these bounds. This procedure leads to a set of bounds that is
conservative for balanced data. (That is, 95% confidence bounds will have a
probability of at least 95% of containing the true variances if the number of
observations for each combination of grouping variables is the same.) For
unbalanced data, these are approximations that are not guaranteed to be
conservative.

[{'Term' 'Estimate' 'Lower' 'Upper'};
stats.rtnames, num2cell([stats.varest stats.varci])]

ans =
'"Term' "Estimate’ "Lower' "Upper'
'Factory' [ 4.4426] [1.0736] [175.6038]
'Factory*Car Model' [ -0.0313] [ NaN] [ NaN]
"Error' [ 0.1139] [0.0586] [ 0.3103]
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Analysis of Covariance

Analysis of covariance is a technique for analyzing grouped data having a
response (y, the variable to be predicted) and a predictor (x, the variable used
to do the prediction). Using analysis of covariance, you can model y as a linear
function of x, with the coefficients of the line possibly varying from group to

group.

The aoctool Demo

The aoctool demo is an interactive graphical environment for fitting and
prediction with analysis of covariance (anocova) models. It is similar to the
polytool demo. The aoctool function fits the following models for the ith

group:

Same mean =a+te

Separate means = (a+to;)te
=at+tPxte

Parallel lines

y
y

Same line y
y=(ata)+Bx+te
y

Separate lines =(atoa)+(B+B)xt+e

In the parallel lines model, for example, the intercept varies from one group to
the next, but the slope is the same for each group. In the same mean model,
there is a common intercept and no slope. In order to make the group
coefficients well determined, the demo imposes the constraints

2% = 2B =0
The following sections provide an illustrative example.

¢ “Exploring the aoctool Interface” on page 4-26
¢ “Confidence Bounds” on page 4-29
¢ “Multiple Comparisons” on page 4-31
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Exploring the aoctool Interface

1 Load the data. The Statistics Toolbox has a small data set with information

about cars from the years 1970, 1976, and 1982. This example studies the
relationship between the weight of a car and its mileage, and whether this
relationship has changed over the years. To start the demonstration, load
the data set.

load carsmall

The Workspace browser shows the variables in the data set.

<) Workspace i =] 3
File Edit Wew Web MWindow Help l

Bq' E | H | m Stadc:IBase Vl

Nane Size Bytes|Class
@HPC— 100x1 500 | double array
@Hodel_‘fear 100x1 500 | double array
@Iﬂeight 1001 500 | double array
@Horsepower l00x1 500 | double array
@Cylinders 100x1 500 | double array
@Acceleration 1001 500 | double array
@Displaeement 1001 500 | double array
@Hodel 100x36 7200 | char array
@Drigin 100x7 1400 | char array

You can also use aoctool with your own data.

Start the tool. The following command calls aoctool to fit a separate line to
the column vectors Weight and MPG for each of the three model group defined
in Model Year. The initial fit models the y variable, MPG, as a linear function
of the x variable, Weight.

[h,atab,ctab,stats] = aoctool(Weight,MPG,Model Year);
Note: 6 observations with missing values have been removed.

See the aoctool function reference page for detailed information about calling
aoctool.
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3 Examine the output. The graphical output consists of a main window with
a plot, a table of coefficient estimates, and an analysis of variance table. In
the plot, each Model Year group has a separate line. The data points for each
group are coded with the same color and symbol, and the fit for each group
has the same color as the data points.

.} Figure No. 1: ANDCOYA Prediction Plot 1Ol x|
File Edit Wew Bounds Insert Tools ‘Window Help

+ 82 45

40

35
MPG

30

25

20

15

10

5 1 1 1 1 1 1
Export... | 2000 2500 3000 3500 4000 4500
Close | I Separate Lines j I 32635 Al Groups j
Cloze Al | odel Wieight Model Year

The coefficients of the three lines appear in the figure titled ANOCOVA
Coefficients. You can see that the slopes are roughly -0.0078, with a small
deviation for each group:

Model year 1970: y = (45.9798 - 8.5805) + (—0.0078 + 0.002)x + ¢
Model year 1976: y = (45.9798 — 3.8902) + (—0.0078 + 0.0011)x + ¢
Model year 1982: y = (45.9798 +12.4707) + (- 0.0078 — 0.0031)x + ¢
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) Figure No. 3: ANOCOVA Coefficients -0 x|

File Edit Wiew Insert Tools Window Help
Coefficient Estimates

Termn Estimate Std. Err. T Prob:|T| ﬂ
Intercept 45,9794 1.5203% 0. 23 0

70 —8.580% 1.96186 -4 .37 0

Th —-3.8902 1.86864 —-2.08 0.0403

g2 12 4707 2.5568 4,88 0
Slope —-0.0078 0.0005%6 -14 0

70 o.ooz 0.00066 2.96 0.0039

76 0.oo11 0.00065 1.74 0.0849

g2 —-0.0031 o.o01 -3.1 0.002a ﬂ

Because the three fitted lines have slopes that are roughly similar, you may
wonder if they really are the same. The Model Year*Weight interaction
expresses the difference in slopes, and the ANOVA table shows a test for the
significance of this term. With an F statistic of 5.23 and a p-value of 0.0072,
the slopes are significantly different.

_loix
File Edit Wiew Insert Tools Window Help

ANOVA Table
Source d.f. Sum Sqg Hean Sg F FProb:F ;I
Model_ Year 2 a07 g9 403 84 51.98 n
Weight 1 20802 20502 263 87 ]
Model Year#Weight 2 81.22 40 .61 .23 0.o07z2
Error a8 RE3 . 74 727 j

4 Constrain the slopes to be the same. To examine the fits when the slopes
are constrained to be the same, return to the ANOCOVA Prediction Plot
window and use the Model pop-up menu to select a Parallel Lines model.
The window updates to show the following graph.
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30F

2} Figure No. 1: ANDCOYA Prediction Plok _|o] x|
File Edit Yiew Bounds Insert Tools ‘window Help
o 70
e
+ a2 45 T |
a0t | 4
+ + +
+
as|[ + I
MPG i

251

201

15+

ge

101

|
°
|
|

5 1 1 1 1 1 1
[Expot =] 2000 2500 2000 3500 4000 4500

Close | [Parallellines =] [ 32635 4 Groups ~ |
Cloze Al | Fodel Wwieight Model_Year

Though this fit looks reasonable, it is significantly worse than the Separate
Lines model. Use the Model pop-up menu again to return to the original
model.

Confidence Bounds

The example in “Exploring the aoctool Interface” on page 4-26 provides
estimates of the relationship between MPG and Weight for each Model Year, but
how accurate are these estimates? To find out, you can superimpose confidence
bounds on the fits by examining them one group at a time.

1 Inthe Model _Year menu at the lower right of the figure, change the setting
from All Groups to 82. The data and fits for the other groups are dimmed,
and confidence bounds appear around the 82 fit.
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The dashed lines form an envelope around the fitted line for model year 82.
Under the assumption that the true relationship is linear, these bounds
provide a 95% confidence region for the true line. Note that the fits for the
other model years are well outside these confidence bounds for Weight
values between 2000 and 3000.

Sometimes it is more valuable to be able to predict the response value for a
new observation, not just estimate the average response value. Use the
aoctool function Bounds menu to change the definition of the confidence
bounds from Line to Observation. The resulting wider intervals reflect the
uncertainty in the parameter estimates as well as the randomness of a new
observation.
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Like the polytool function, the aoctool function has crosshairs that you
can use to manipulate the Weight and watch the estimate and confidence
bounds along the y-axis update. These values appear only when a single
group is selected, not when All Groups is selected.

Multiple Comparisons

You can perform a multiple comparison test by using the stats output
structure from aoctool as input to the multcompare function. The
multcompare function can test either slopes, intercepts, or population marginal
means (the predicted MPG of the mean weight for each group). The example
“Exploring the aoctool Interface” on page 4-26, shows that the slopes are not all
the same, but could it be that two are the same and only the other one is
different? You can test that hypothesis.
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multcompare(stats,0.05,'on',"'"','s")

ans =
1.0000 2.0000 -0.0012 0.0008 0.0029
1.0000 3.0000 0.0013 0.0051 0.0088
2.0000 3.0000 0.0005 0.0042 0.0079

This matrix shows that the estimated difference between the intercepts of
groups 1 and 2 (1970 and 1976) is 0.0008, and a confidence interval for the
difference is [-0.0012, 0.0029]. There is no significant difference between the
two. There are significant differences, however, between the intercept for 1982
and each of the other two. The graph shows the same information.

J Figure Mo. 4: Multiple comparison of slopes -0l x|
File Edit Wew Insert Tools Window Help
Dsda xAar/s a0
Click on the group you want to test
70t —a
Ta B
gl i
-14 -12 10 -2 -6 4
The slopes of groups 70 and 82 are significantly different, 443

Note that the stats structure was created in the initial call to the aoctool
function, so it is based on the initial model fit (typically a separate-lines model).
If you change the model interactively and want to base your multiple
comparisons on the new model, you need to run aoctool again to get another
stats structure, this time specifying your new model as the initial model.
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Multiple Linear Regression

The purpose of multiple linear regression is to establish a quantitative

relationship between a group of predictor variables (the columns of X) and a

response, y. This relationship is useful for:

® Understanding which predictors have the greatest effect.

¢ Knowing the direction of the effect (i.e., increasing x increases/decreases y).

® Using the model to predict future values of the response when only the
predictors are currently known.

The following sections explain multiple linear regression in greater detail:

¢ “Mathematical Foundations of Multiple Linear Regression” on page 4-33
¢ “Example: Multiple Linear Regression” on page 4-35
® “Polynomial Curve Fitting Demo” on page 4-36

Mathematical Foundations of Multiple Linear
Regression
The linear model takes its common form

y =XB+e
where:

® y is an n-by-1 vector of observations.

¢ X is an n-by-p matrix of regressors.

® (3 is a p-by-1 vector of parameters.

® ¢ is an n-by-1 vector of random disturbances.

The solution to the problem is a vector, b, which estimates the unknown vector
of parameters, . The least squares solution is

. -1
b=p=XX Xy

This equation is useful for developing later statistical formulas, but has poor
numeric properties. regress uses QR decomposition of X followed by the
backslash operator to compute 6. The QR decomposition is not necessary for
computing b, but the matrix R is useful for computing confidence intervals.
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You can plug b back into the model formula to get the predicted y values at the
data points.

y = Xb = Hy
1
H=-xX'x) x'

Note Statisticians use a hat (circumflex) over a letter to denote an estimate
of a parameter or a prediction from a model. The projection matrix H is called
the hat matrix, because it puts the “hat” on y.

The residuals are the difference between the observed and predicted y values.

r=y-y=(I-Hy

The residuals are useful for detecting failures in the model assumptions, since
they correspond to the errors, ¢, in the model equation. By assumption, these
errors each have independent normal distributions with mean zero and a
constant variance.

The residuals, however, are correlated and have variances that depend on the
locations of the data points. It is a common practice to scale (“Studentize”) the
residuals so they all have the same variance.

In the equation below, the scaled residual, ¢;, has a Student’s t distribution
with (n-p-1) degrees of freedom

r-
t = ———
where
9 2
I N,
n-p-1 (n-p-1)(1-h))
and:

® ¢, is the scaled residual for the ith data point.
® r; is the raw residual for the ith data point.
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® n is the sample size.
® p is the number of parameters in the model.
® h;is the ith diagonal element of H.

The left-hand side of the second equation is the estimate of the variance of the
errors excluding the ith data point from the calculation.

A hypothesis test for outliers involves comparing ¢; with the critical values of
the t distribution. If ¢; is large, this casts doubt on the assumption that this
residual has the same variance as the others.

A confidence interval for the mean of each error is

Ci = riit(l_g V)&(L)ﬂ
>

Confidence intervals that do not include zero are equivalent to rejecting the
hypothesis (at a significance probability of o) that the residual mean is zero.
Such confidence intervals are good evidence that the observation is an outlier

for the given model.

Example: Multiple Linear Regression

The example comes from Chatterjee and Hadi (1986) in a paper on regression
diagnostics. The data set (originally from Moore (1975)) has five predictor
variables and one response.

load moore
X = [ones(size(moore,1),1) moore(:,1:5)];

Matrix X has a column of ones, and then one column of values for each of the
five predictor variables. The column of ones is necessary for estimating the
y-intercept of the linear model.

y = moore(:,6);
[b,bint,r,rint,stats] = regress(y,X);

The y-intercept is b (1), which corresponds to the column index of the column
of ones.
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stats
stats =

0.8107 11.9886 0.0001

The elements of the vector stats are the regression R? statistic, the F statistic
(for the hypothesis test that all the regression coefficients are zero), and the
p-value associated with this F statistic.

R?is 0.8107 indicating the model accounts for over 80% of the variability in the
observations. The F statistic of about 12 and its p-value of 0.0001 indicate that
it is highly unlikely that all of the regression coefficients are zero.

rcoplot(r,rint)

J

-05

1L él
A1y

Residuals
o
——

0 5 10 15 20
Case Number

The plot shows the residuals plotted in case order (by row). The 95% confidence
intervals about these residuals are plotted as error bars. The first observation
is an outlier since its error bar does not cross the zero reference line.

In problems with just a single predictor, it is simpler to use the polytool
function (see “Polynomial Curve Fitting Demo” on page 4-36). This function
can form an X matrix with predictor values, their squares, their cubes, and so
on.

Polynomial Curve Fitting Demo

The polytool demo is an interactive graphic environment for polynomial curve
fitting and prediction. You can use polytool to do curve fitting and prediction
for any set of x-y data, but, for the sake of demonstration, the Statistics Toolbox
provides a data set (polydata.mat) to illustrate some basic concepts.
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With the polytool demo you can

¢ Plot the data, the fitted polynomial, and global confidence bounds on a new
predicted value.
¢ Change the degree of the polynomial fit.

® Evaluate the polynomial at a specific x-value, or drag the vertical reference
line to evaluate the polynomial at varying x-values.

¢ Display the predicted y-value and its uncertainty at the current x-value.

® Control the confidence bounds and choose between least squares or robust
fitting.

e Export fit results to the workspace.

Note From the command line, you can call polytool and specify the data set,
the order of the polynomial, and the confidence intervals, as well as labels to
replace X Values and Y Values. See the polytool function reference page for
details.

The following sections explore the use of polytool:
¢ “Fitting a Polynomial” on page 4-37

® “Confidence Bounds” on page 4-40

Fitting a Polynomial

1 Load the data. Before you start the demonstration, you must first load a
data set. This example uses polydata.mat. For this data set, the variables x
and y are observations made with error from a cubic polynomial. The
variables x1 and y1 are data points from the “true” function without error.

load polydata

Your variables appear in the Workspace browser.
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<} Workspace ] o4
File Edit Wew ‘Web ‘Window Help

@ @@ |0 s I

Hame Fize Bytes|Class

HH L 1x101 505 | double array
=zzp 1x101 808 | double array

@x 1x43 344 | double array

@y 1x43 344 | double array

2 Try a linear fit. Run polytool and provide it with the data to which the
polynomial is fit. Because this code does not specify the degree of the

polynomial, polytool does a linear fit to the data.

polytool(x,y)

-} Figure No. 1: Prediction Plot of Linear Model i ] B
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The linear fit is not very good. The bulk of the data with x-values between 0
and 2 has a steeper slope than the fitted line. The two points to the right are
dragging down the estimate of the slope.
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3 Try a cubic fit. In the Degree text box at the top, type 3 for a cubic model.
Then, drag the vertical reference line to the x-value of 2 (or type 2 in the
X Values text box).

.} Figure No. 1: Prediction Plot of Cubic Model i - 1ol x|
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This graph shows a much better fit to the data. The confidence bounds are
closer together indicating that there is less uncertainty in prediction. The
data at both ends of the plot track the fitted curve.

4 Finally, overfit the data. If the cubic polynomial is a good fit, it is tempting
to try a higher order polynomial to see if even more precise predictions are
possible. Since the true function is cubic, this amounts to overfitting the
data. Use the data entry box for degree and type 5 for a quintic model.
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4-40
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As measured by the confidence bounds, the fit is precise near the data
points. But, in the region between the data groups, the uncertainty of
prediction rises dramatically.

This bulge in the confidence bounds happens because the data really does
not contain enough information to estimate the higher order polynomial
terms precisely, so even interpolation using polynomials can be risky in
some cases.

Confidence Bounds

By default, the confidence bounds are nonsimultaneous bounds for a new
observation. What does this mean? Let p(x) be the true but unknown function
you want to estimate. The graph contains the following three curves:

® f(x), the fitted function
® [(x), the lower confidence bounds

® u(x), the upper confidence bounds
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Suppose you plan to take a new observation at the value x, , ;. Call it
¥, +1(*, 1 1) - This new observation has its own error ¢ so it satisfies the
equation

nt+l>

yn+1(‘xn+1) = p(xn+1)+8n+1

What are the likely values for this new observation? The confidence bounds
provide the answer. The interval [/, , ;, u, , ;] is a 95% confidence bound for

yn+1(xn+1)‘

These are the default bounds, but the Bounds menu on the polytool figure
window provides options for changing the meaning of these bounds. This menu
has options that enable you to specify whether the bounds should be
simultaneous or not, and whether the bounds are to apply to the estimated
function, i.e., curve, or to a new observation. Using these options you can
produce any of the following types of confidence bounds.

Simultaneous? For Quantity Yields Confidence Bounds for
Nonsimultaneous  Observation Yp+1(x, 1) (default)
Nonsimultaneous  Curve p(x, 1)

Simultaneous Observation ¥, +1(x), globally for any x
Simultaneous Curve p(x), simultaneously for all x
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Quadratic Response Surface Models

Response Surface Methodology (RSM) is a tool for understanding the
quantitative relationship between multiple input variables and one output
variable.

Consider one output, z, as a polynomial function of two inputs, x and y. The
function z = flx,y) describes a two-dimensional surface in the space (x,y,z). In
general, you can have as many input variables as you want and the resulting
surface becomes a hypersurface. Also, you can have multiple output variables
with a separate hypersurface for each one.

For three inputs (x1, x9, x3), the equation of a quadratic response surface is

y = bytbix;+boxg+tbgxg+t... (linear terms)
+b19X1%g T bygx Xg + DogXaxa + ... (interaction terms)
+b 2+b 2+b 2 ( dratic t )

11%1 T booxy + bggxy quadratic terms

It is difficult to visualize a k-dimensional surface in 2+1 dimensional space
for £>2. The function rstool is a graphical user interface (GUI) designed to
make this visualization more intuitive, as is discussed in the next section.

Exploring Graphs of Multidimensional Polynomials

The function rstool performs an interactive fit and plot of a multidimensional
response surface (RSM). Note that, in general, this GUI provides an
environment for exploration of the graph of a multidimensional polynomial.

You can learn about rstool by trying the commands below. The chemistry
behind the data in reaction.mat deals with reaction kinetics as a function of
the partial pressure of three chemical reactants: hydrogen, n-pentane, and
isopentane.

load reaction
rstool(reactants,rate, 'quadratic',0.01,xn,yn)

rstool displays a “vector” of three plots. The dependent variable of all three
plots is the reaction rate. The first plot has hydrogen as the independent
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variable. The second and third plots have n-pentane and isopentane
respectively.

-} Figure No. 1: Prediction Plot of Full Quadratic Model 10l =|
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Each plot shows the fitted relationship of the reaction rate to the independent
variable at a fixed value of the other two independent variables. The fixed
value of each independent variable is in an editable text box below each axis,
and is marked by a vertical dashed blue line. You can change the fixed value of
any independent variable by either typing a new value in the box or by
dragging any of the three vertical lines to a new position.

When you change the value of an independent variable, all the plots update to
show the current picture at the new point in the space of the independent
variables.

Note that while this example only uses three inputs (reactants) and one
output (rate), rstool can accommodate an arbitrary number of inputs and
outputs. Interpretability may be limited by the size of your monitor for large
numbers of inputs or outputs.
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4-44

Exporting Variables to the Workspace
Click Export to save variables in the GUI to the base workspace.

(

} Export to Workspace x|

¥ Save fitted paramters to a MATLAR vaniable named: I betal
¥ Save RSME to a MATLAR variable named: I Imse
¥ Save residuals to a MATLAR variable named: I residuals

OK | Eancell

Fitted parameters, i.e., coefficients, appear in the following order. Some
polynomial models use a subset of these terms but keep them in this order.
1 Constant term

2 Linear terms

3 Interaction terms formed by taking pairwise products of the columns of the
input matrix

4 Squared terms

Changing the Order of the Polynomial

Below the Export button, there is a pop-up menu that enables you to change
the polynomial model. If you use the commands above, this menu has the string
Full Quadratic already selected. The choices are:

¢ Linear — includes constant and linear terms.

® Pure Quadratic — includes constant, linear and squared terms.

¢ Interactions — includes constant, linear, and cross product terms.

¢ Full Quadratic — includes interactions and squared terms.

® User Specified — available only if you provide a matrix of model terms as the
third argument to rstool. See the rstool and x2fx function reference pages
for details.)

The rstool GUI is used by the rsmdemo function to visualize the results of a
designed experiment for studying a chemical reaction. See “Design of
Experiments Demo” on page 10-10.
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Stepwise Regression

Stepwise regression is a technique for choosing the variables, i.e., terms, to
include in a multiple regression model. Forward stepwise regression starts
with no model terms. At each step it adds the most statistically significant term
(the one with the highest F statistic or lowest p-value) until there are none left.
Backward stepwise regression starts with all the terms in the model and
removes the least significant terms until all the remaining terms are
statistically significant. It is also possible to start with a subset of all the terms
and then add significant terms or remove insignificant terms.

An important assumption behind the method is that some input variables in a
multiple regression do not have an important explanatory effect on the
response. If this assumption is true, then it is a convenient simplification to
keep only the statistically significant terms in the model.

One common problem in multiple regression analysis is multicollinearity of the
input variables. The input variables may be as correlated with each other as
they are with the response. If this is the case, the presence of one input variable
in the model may mask the effect of another input. Stepwise regression might
include different variables depending on the choice of starting model and
inclusion strategy.

The Statistics includes two functions for performing stepwise regression:

® stepwise — an interactive graphical tool that enables you to explore
stepwise regression. See “Stepwise Regression Demo” on page 4-45 for an
example of how to use this tool.

® stepwisefit — a command-line tool for performing stepwise regression. You
can use stepwisefit to return the results of a stepwise regression to the
MATLAB workspace.

Stepwise Regression Demo

The stepwise function provides an interactive graphical interface that you can
use to compare competing models.

This example uses the Hald (1960) data set. The Hald data come from a study
of the heat of reaction of various cement mixtures. There are four components
in each mixture, and the amount of heat produced depends on the amount of

each ingredient in the mixture.
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4-46

Here are the commands to get started.

load hald

stepwise(ingredients,heat)

-} Stepwise Regression

File Edit Tools Stepwise Window Help
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For each term on the y-axis, the plot shows the regression (least squares)

coefficient as a dot with horizontal bars indicating confidence intervals. Blue
dots represent terms that are in the model, while red dots indicate terms that
are not currently in the model. The horizontal bars indicate 90% (colored) and

95% (grey) confidence intervals.

To the right of each bar, a table lists the value of the regression coefficient for
that term, along with its t-statistic and p-value. The coefficient for a term that
is not in the model is the coefficient that would result from adding that term to
the current model.

From the Stepwise menu, select Scale Inputs to center and normalize the
columns of the input matrix to have a standard deviation of 1.
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Note When you call the stepwise function, you can also specify the initial
state of the model and the confidence levels to use. See the stepwise function
reference page for details.

Additional Diagnostic Statistics
Several diagnostic statistics appear below the plot.

® Intercept — the estimated value of the constant term
¢ RMSE — the root mean squared error of the current model
® R-square — the amount of response variability explained by the model

¢ Adjusted R-square — the R-square statistic adjusted for the residual degrees
of freedom

¢ F — the overall F statistic for the regression

¢ P — the associated significance probability

Moving Terms In and Out of the Model

There are two ways you can move terms in and out of the model:

® Click on a line in the plot or in the table to toggle the state of the
corresponding term. The resulting change to the model depends on the color
of the line:

= Clicking a blue line, corresponding to a term currently in the model,
removes the term from the model and changes the line to red.

= Clicking a red line, corresponding to a term currently not in the model,
adds the term to the model and changes the line to blue.

® Select the recommended step shown under Next Step to the right of the
table. The recommended step is either to add the most statistically
significant term, or to remove the least significant term. Click Next Step to
perform the recommended step. After you do so, the stepwise GUI displays
the next term to add or remove. When there are no more recommended steps,
the GUI displays “Move no terms.”

Alternatively, you can perform all the recommended steps at once by clicking
All Steps.
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Assessing the Effect of Adding a Term

The demo can produce a partial regression leverage plot for the term you
choose. If the term is not in the model, the plot shows the effect of adding it by
plotting the residuals of the terms that are in the model against the residuals
of the chosen term. If the term is in the model, the plot shows the effect of
adding it if it were not already in the model. That is, the demo plots the
residuals of all other terms in the model against the residuals of the chosen
term.

From the Stepwise menu, select Added Variable Plot to display a list of
terms. Select the term for which you want a plot, and click OK. This example
selects X4, the recommended term in the figure above.

Partial regression leverage plot for X4
30 T T

T T
X Adjusted data
— Fit: y=—0.738162*x

20F x 95% conf. bounds i

Y residuals

_40 Il Il Il Il Il
-30 -20 -10 0 10 20 30

X4 residuals

Model History

The Model History plot shows the RMSE for every model generated during the
current session. Click one of the dots to return to the model at that point in the
analysis.
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Exporting Variables

The Export pop-up menu enables you to export variables from the stepwise
function to the base workspace. Check the variables you want to export and,
optionally, change the variable name in the corresponding edit box. Click OK.
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Generalized Linear Models

So far, the functions in this section have dealt with models that have a linear
relationship between the response and one or more predictors. Sometimes you
may have a nonlinear relationship instead. To fit nonlinear models you can use
the functions described in “Nonlinear Regression Models” on page 5-1.
However, there are some nonlinear models, known as generalized linear
models, that you can fit using simpler linear methods. To understand
generalized linear models, first review the linear models you have seen so far.
Each of these models has the following three characteristics:

® The response has a normal distribution with mean p.
® A coefficient vector b defines a linear combination X*b of the predictors X.

® The model equates the two as up = X*b.
In generalized linear models, these characteristics are generalized as follows:

® The response has a distribution that may be normal, binomial, Poisson,
gamma, or inverse Gaussian, with parameters including a mean p.

® A coefficient vector b defines a linear combination X*b of the predictors X.
® A link function f{-) defines the link between the two as f(n) = X*b.

The following sections explore these models in greater detail.

¢ “Example: Generalized Linear Models” on page 4-50
® “Generalized Linear Model Demo” on page 4-54

Example: Generalized Linear Models

For example, consider the following data derived from the carbig data set, in
which the cars have various weights. You record the total number of cars of
each weight and the number qualifying as poor-mileage cars because their
miles per gallon value is below some target. Assume that you don’t know the
miles per gallon for each car, only the number passing the test. It might be
reasonable to assume that the value of the variable poor follows a binomial
distribution with parameter N=total and with a p parameter that depends on
the car weight. A plot shows that the proportion of poor-mileage cars follows a
nonlinear S-shape.
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w = [2100 2300 2500 2700 2900 3100 3300 3500 3700 3900 4100 4300]"';
poor = [1 20388 14 17 19 15 17 21]1";

total = [48 42 31 34 31 21 23 23 21 16 17 21]"';

[w poor total]

ans =

2100
2300
2500
2700
2900
3100
3300
3500
3700
3900
4100
4300

plot(w,poor./total, 'x")

1
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This shape is typical of graphs of proportions, as they have natural boundaries
at 0.0 and 1.0.
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A linear regression model would not produce a satisfactory fit to this graph. Not
only would the fitted line not follow the data points, it would produce invalid
proportions less than 0 for light cars, and higher than 1 for heavy cars.

There is a class of regression models for dealing with proportion data. The
logistic model is one such model. It defines the relationship between proportion
p and weight w to be

1og(1’+p) — by +byw
Is this a good model for the data? It would be helpful to graph the data on this
scale, to see if the relationship appears linear. However, some of the
proportions are 0 and 1, so you cannot explicitly evaluate the left-hand-side of
the equation. A useful trick is to compute adjusted proportions by adding small
increments to the poor and total values — say a half observation to poor and
a full observation to total. This keeps the proportions within range. A graph
now shows a more nearly linear relationship.

padj = (poor+.5) ./ (total+1);
plot(w,log(padj./(1-padj)),'x")
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Generalized Llinear Models

You can use the glmfit function to fit this logistic model.

b = glmfit(w,[poor total], 'binomial')
b =
-13.3801
0.0042

To use these coefficients to compute a fitted proportion, you have to invert the
logistic relationship. Some simple algebra shows that the logistic equation can
also be written as

_ 1
1+ exp(—b; —bow)

p

Fortunately, the function glmval can decode this link function to compute the
fitted values. Using this function, you can graph fitted proportions for a range
of car weights, and superimpose this curve on the original scatter plot.

x = 2100:100:4500;
y = glmval(b,x, logit );
plot(w,poor./total, 'x',x,y,'r-")
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Generalized linear models can fit a variety of distributions with a variety of
relationships between the distribution parameters and the predictors. A full
description is beyond the scope of this document. For more information see
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4 Linear Models

Dobson (1990), or McCullagh and Nelder (1990). Also see the reference
material for glmfit.

Generalized Linear Model Demo

The 